Actions of right-angled Artin groups in low dimensions
THOMAS KOBERDA
Abstract. We survey the role of right-angled Artin groups in the theory of diffeomorphism groups of low dimensional manifolds. We first describe some of
the subgroup structure of right-angled Artin groups. We then discuss the interplay between algebraic structure, compactness, and regularity for group actions
on one–dimensional manifolds. For compact one–manifolds, every right-angled
Artin group acts faithfully by C 1 diﬀeomorphisms, but the right-angled Artin
groups which act faithfully by C 2 diﬀeomorphisms are very restricted. For the
real line, every right-angled Artin group acts faithfully by C 8 diﬀeomorphisms,
though analytic actions are again more limited. In dimensions two and higher,
every right-angled Artin group acts faithfully on every manifold by C 8 diﬀeomorphisms. We give applications of this discussion to mapping class groups of
surfaces and related groups.
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1. Introduction
Let Γ be a finite simplicial graph, with vertex set V “ VpΓq and edge set E “
EpΓq. The right-angled Artin group ApΓq on Γ is defined to be the group
ApΓq “ xV | rv, ws “ 1 if and only if tv, wu P Ey.
In recent years, right-angled Artin groups have been of central importance in
geometric group theory (see [26, 69], for some surveys). Among the general reasons
for this is the fact that right-angled Artin groups admit so many incarnations. For
one, they are a prototypical example of a CAT(0) group, and thus play a central
role in the geometry of non-positively curved groups. The work of many authors
over many years has illustrated deep connections between CAT(0) geometry and
hyperbolic geometry. This culminated in Agol’s resolution of the virtual Haken and
virtual fibering conjecture [1, 2], in which right-angled Artin groups played a key
role. Moreover, right-angled Artin groups exhibit remarkable ubiquity, arising as
subgroups of many other groups of classical interest to geometric group theorists
such as Coxeter groups, Artin groups, mapping class groups, and diﬀeomorphism
groups of manifolds.
This ubiquity of right-angled Artin groups has aided the study of other classes of
groups, because right-angled Artin groups are simultaneously complicated enough
to admit a rich structure and also simple enough to be amenable to study.
This article serves as a survey of the role of right-angled Artin groups in the study
of diﬀeomorphism groups of manifolds, concentrating on dimension one. While the
author strives to be a good scholar, the results discussed herein are undoubtedly colored by the author’s personal tastes, which center around the interplay of algebraic
structure, dimension, regularity, and compactness. Only a limited number of proofs
or sketches of proofs has been given, though the author strives to include detailed
references. When given, proofs follow the original source material, unless otherwise noted.

2. Terminology
In this section we collect some basic terminology concerning right-angled Artin
groups and diﬀeomorphism groups which we will require. Most of this terminology
is standard, and we include this section for reference. We will identify vertices
of Γ with generators of ApΓq. An element w P ApΓq is called reduced if it is a
shortest element in the free group on V which is equal to w in ApΓq. By a result
of Hermiller–Meier [55], an element of ApΓq is reduced if and only if one cannot
shorten the length of w by switching the order of vertices which are adjacent in Γ
and by applying free reductions.
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By a subgraph Λ of a graph Γ, we always mean a full subgraph, which is to say
if v, w P VpΛq, then tv, wu P EpΛq if and only if tv, wu P EpΓq. We will often write
Λ Ă Γ in this case.
Let Γ be a simplicial graph. The complement Γc of Γ is the graph whose vertices
are the vertices of Γ and whose edges are exactly the non–edges of Γ. A join J is a
simplicial graph for which there exist nonempty subgraphs J1 , J2 Ă J such that
´ ž ¯c
J2c .
J “ J1c
If Γ is a (not necessarily finite) simplicial graph, we write Γk for the clique graph
of Γ. The vertices of Γk are nonempty complete subgraphs of Γ, and two vertices
K1 and K2 of Γk are adjacent if K1 Y K2 also span a complete subgraph of Γ. Note
that Γ is naturally a subgraph of Γk .
If w P ApΓq is freely reduced, the support of w is denoted supp w and is defined
to be the smallest subgraph Λ of Γ such that w P ApΛq.
A freely reduced element w P ApΓq is cyclically reduced if w is shortest in its
conjugacy class in ApΓq.
Let X and Y be metric spaces. A function f : X Ñ Y is called a (K, C)–quasi–
isometric embedding if there exist constants K ě 1 and C ě 0 such that for all
a, b P X, we have
1
¨ dX pa, bq ´ C ď dY p f paq, f pbqq ď K ¨ dX pa, bq ` C.
K
The map f is called a quasi–isometry if moreover it is quasi–surjective, which is
to say that there is a constant D ě 0 such that for all y P Y there exists an x P X
such that dY p f pxq, yq ď D. A quasi–geodesic is the image of a geodesic under a
quasi–isometric embedding.
If M is an orientable manifold, we will write Homeo` pMq for the group of
orientation–preserving homeomorphisms of M. For 1 ď k ď 8, we write Diﬀ k pMq
for the group of orientation–preserving C k diﬀeomorphisms of M.
Let X be a set. We write SympXq for the set of bijections X Ñ X. The support of
an element ϕ P SympXq is defined to be the set of points x P X such that ϕpxq ‰ x,
and is denoted supp ϕ. The fixed set of ϕ is written Fix ϕ and is defined to be
Xz supp ϕ.
If S is an orientable surface, we write ModpS q for the mapping class group of
S , i.e. the group of orientation–preserving homeomorphisms of S considered up to
homotopy.
3. Some subgroups of right-angled Artin groups
From an algebraic point of view, right-angled Artin groups are interesting because of their rich array of subgroups. In this section, we give a brief summary of
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some of the main classes of subgroups of right-angled Artin groups (see [69] for a
more detailed discussion).
3.1. Solvable groups. The structure of solvable subgroups of right-angled Artin
groups is tightly restricted by CAT(0) geometry (see Subsection 3.6 below). Specifically, the Flat Torus Theorem (see [17]) implies that every solvable subgroup of a
right-angled Artin group is abelian. Precisely, we have the following:
Proposition 3.1. Let G ă ApΓq be a solvable subgroup. Then G – Zn , where n
is bounded above by the size of the largest complete subgraph of Γ. This bound is
sharp.
3.2. Free groups and convex cocompactness. Free subgroups of right-angled
Artin groups are extremely common. Much like the structure of solvable subgroups,
the ubiquity of free subgroups of right-angled Artin groups is dictated by CAT(0)
geometry. CAT(0) groups enjoy a strong Tits alternative, which is illustrated by the
following result of Sageev–Wise:
Theorem 3.2 ([86]). Let G be a group acting properly on a finite dimensional
CAT(0) cube complex. Suppose that there is a uniform bound on the size of finite
subgroups of G. Then either G contains a nonabelian free group, or G is finitely
generated and virtually abelian.
Again, the reader is directed to Subsection 3.6 below for relevant definitions in
the statement of Theorem 3.2.
For right-angled Artin groups, one can be even more precise. The following is
a classical result of Baudisch [9], which has since been reproved by a number of
authors (see [23, 66], cf. [5]):
Theorem 3.3. Let G ă ApΓq be a two–generated subgroup. Then G is either
abelian or free.
There are many diﬀerent ways in which free groups can sit inside of right-angled
Artin groups. Of particular interest are free subgroups which play the role of convex
cocompact subgroups, by analogy to mapping class groups (see [45, 62, 53]). We
will not give a detailed discussion of these subgroups nor the analogy with mapping class groups here, since it would take us rather far afield. We will just state
one result about them. An element 1 ‰ w P ApΓq is called loxodromic if after
cyclic reduction, supp w is not contained in a subjoin of Γ (see [10], cf. [64]). If
|VpΓq| ě 2 and Γ is connected (which we will assume for the rest of this subsection), loxodromic elements are exactly the elements with cyclic centralizer in ApΓq.
A subgroup G ă ApΓq is purely loxodromic if every non–identity element of G is
loxodromic.
In the following result due to the author jointly with J. Mangahas and S. Taylor [72], the graph Γe is the extension graph of Γ (see Subsection 3.3 below).
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Theorem 3.4. Let G ă ApΓq be a finitely generated subgroup. The following are
equivalent:
(1) The group G is purely loxodromic;
(2) The orbit map G Ñ Γe is a quasi–isometric embedding;
(3) The group G is stable.
Moreover, the group G is free.
Here, a finitely generated subgroup H of a finitely generated group G is stable
if K–quasi–geodesics in G between points of H are uniformly bounded distance
from each other. M. Durham and S. Taylor [40] developed concept and proved that
stable subgroups of mapping class groups are exactly convex cocompact subgroups.
In light of Theorem 3.4, finitely generated purely loxodromic subgroups of rightangled Artin groups play the exact analogue of convex cocompact subgroups of
right-angled Artin groups.
3.3. Other right-angled Artin groups. It is not very diﬃcult to see that if Λ Ă Γ
is a subgraph then ApΛq ă ApΓq. However, it is clear even in the case where ApΓq is
a nonabelian free group that generally there are more right-angled Artin subgroups
of ApΓq than just the ones coming from subgraphs of Γ. The question of which rightangled Artin groups occur as subgroups of ApΓq was first systematically studied by
Kim and the author [63, 64, 66], cf. [24, 77]. We outline some of the main features
of this theory.
The central object in this theory is the extension graph Γe of Γ, which is the
analogue of the curve graph for the right-angled Artin group (see Section 8 below).
The graph Γe is defined by VpΓe q “ tvg | v P VpΓq, g P ApΓqu, where here vg “
g´1 vg. We write tvg , wh u P EpΓe q if rvg , wh s “ 1 in ApΓq. The extension graph is
generally a locally infinite quasi–tree of infinite diameter, and is quasi–isometric to
the contact graph for a right-angled Artin group as developed by M. Hagen [51]
(cf. [64]).
Theorem 3.5. Let Γ be a finite simplicial graph.
(1) If Λ Ă Γe is a finite subgraph then ApΛq ă ApΓq;
(2) If ApΛq ă ApΓq then Λ Ă pΓe qk ;
(3) If Γ has no triangles and ApΛq ă ApΓq, then Λ Ă Γe .
Casals-Ruiz–Duncan–Kazachkov [24] have shown that in general there may be
right-angled Artin subgroups of ApΓq whose defining graphs do not occur as subgraphs of Γe .
3.4. Surface groups. It was first observed by Servatius–Droms–Servatius [88] that
if Cn denotes the graph which is a cycle on n ě 5 vertices then ApCn q contains the
fundamental group of a closed surface of negative Euler characteristic. This result
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was generalized by Crisp–Wiest [32], who developed the method of label–reading
maps and proved that with all but the single exception of a non–orientable surface
of Euler characteristic ´1, every hyperbolic surface group occurs as a subgroup of
some right-angled Artin group. The dual question of when a particular right-angled
Artin group contains a closed hyperbolic surface group is still open in general,
though significant progress has been made (see [31], for instance).
3.5. Coherence. Despite their innocuous–looking presentations and the relatively
tame subgroups discussed up to now, right-angled Artin groups can have rather wild
subgroups. Recall that a group G is coherent if every finitely generated subgroup
of G is finitely presented. Classical examples of coherent groups are free groups,
surface groups, and 3–manifold groups [87]. A classical example of an incoherent
group if a product F2 ˆ F2 of two nonabelian free groups.
Right-angled Artin groups are generally incoherent, as is witnessed by the following result of Droms:
Theorem 3.6 ([39]). Let Γ be a finite simplicial graph. The right-angled Artin
group ApΓq is coherent if and only if every circuit in Γ of length more than three has
a chord.
In other words, a right-angled Artin group is coherent if and only if the defining
graph has no full subgraph which is a cycle of length at least four. Relating the
coherence discussion to 3–manifold groups, Droms also proves that a right-angled
Artin group is a 3–manifold group if and only if each component of the defining
graph is a triangle or a tree [39].
Subgroups of right-angled Artin groups enjoying (or lacking) various subtler
finiteness properties were studied by Bestvina–Brady [14]. We will not discuss
these subgroups here, since it would take us too far afield: suﬃce it to note that the
subgroups structure of right-angled Artin groups can be very complicated.
Observe that, in light of the discussion in this subsection, the existence of rightangled Artin subgroups of some other group can be useful in proving that the larger
group is incoherent.
3.6. Hyperbolic manifolds and virtual specialness. The concept of a virtually
special cube complex was developed by Haglund–Wise [52], and provides an intrinsic geometric characterization of subgroups of right-angled Artin groups.
A geodesic metric space X is CAT(0) if geodesic triangles in X satisfy the CAT(0)
inequality. The reader is directed to [48] and [17] for a complete introduction to
CAT(0) geometry. Specifically, let tp, q, ru be vertices of a geodesic triangle T , and
let tP, Q, Ru be vertices of a geodesic triangle in R2 (i.e. the comparison triangle)
whose side lengths are the same as those of T . If x and y are points on the sides pq
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and qr respectively then the distance between x and y is at most that between the
corresponding points X and Y on PQ and QR respectively.
A k–cube is defined to by r´1, 1sk , with the standard metric inherited from Rk .
A subcube is obtained by restricting some coordinate to t˘1u, and midcube is obtained by restricting one coordinate to 0. A dual cube to a midcube is a 1–subcube
given by restricting all the nonzero coordinates of the midcube to t˘1u.
A cube complex is a union of cubes, glued to each other via isometries of subcubes. A hyperplane in a cube complex is a connected subspace which intersects
each cube in either a midcube or emptily. A cube complex X is locally CAT(0) if
the link of every 0–cube is a flag complex. By a result of Gromov [48], a simply
connected locally CAT(0) cube complex is CAT(0).
A locally CAT(0) cube complex X is called special (see [52, 91, 90, 92]) if the
hyperplanes of X avoid certain pathological configurations. Precisely, we require:
(1) There are no one–sided hyperplanes;
(2) There are no self–intersecting hyperplanes;
(3) There are no self–osculating hyperplanes;
(4) There is no pair of osculating hyperplanes.
Here, we say that hyperplanes H1 and H2 osculate if there are dual subcubes to
H1 and H2 which intersect nontrivially.
We say X is virtually special if some finite cover of X is special. If G “ π1 pXq
for X (virtually) special, we say that G is (virtually) special.
A prototypical example of a special cube complex is the Salvetti complex of a
finite simplicial graph Γ, denoted S pΓq. To build S pΓq, we start with the one–
skeleton of the unit cube in R|VpΓq| , and we label the unit vectors emanating from
the origin by the elements of VpΓq. If Λ Ă Γ is complete, we include the face of
the cube spanned by the vectors corresponding to the vertices of Λ. Doing this for
each complete subgraph of Γ, we obtain a subcomplex Y of the unit cube, equipped
with a natural cube complex structure. We then define S pΓq to be the image of Y in
R|VpΓq| {Z|VpΓq| . It is easy to check that π1 pS pΓqq – ApΓq, and that S pΓq is a locally
CAT(0) cube complex (cf. [16]).
A map between cube complexes is a local isometry if the induced map on links of
0–complexes is an inclusion, adjacency preserving, and full (as a map of simplicial
complexes). Note that a local isometry of cube complexes induces an inclusion on
fundamental groups.
The following is the fundamental result about special cube complexes:
Theorem 3.7 ([52]). A locally CAT(0) cube complex is special if and only if it
admits a local isometry to S pΓq for some finite simplicial graph Γ.
Theorem 3.7 gives an intrinsic geometric characterization of subgroups of rightangled Artin groups.
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Combining the work of Wise and Agol [2], we obtain the following:
Theorem 3.8. Let G be the fundamental group of a finite volume hyperbolic 3–
manifold. Then G is virtually special.
There is a generalization of Theorem 3.8 in higher dimensions due to Bergeron–
Haglund–Wise [12], which shows that many lattices in higher dimensional groups
of isometries of real hyperbolic space are also virtually special. Thus, right-angled
Artin groups generally contain a profusion of (relatively) hyperbolic groups.
3.7. Computational complexity. We remark some work of M. Bridson [18], which
makes precise the mantra that even finitely presented subgroups of right-angled
Artin groups can be very complicated.
Theorem 3.9. There exists a finite simplicial graph Γ and a finitely presented subgroup H ă ApΓq such that:
(1) The isomorphism problem is unsolvable for the class of finitely presented
subgroups of ApΓq;
(2) The conjugacy problem for H is unsolvable.
Theorem 3.9 shows that any class of groups which is rich enough to contain
suﬃciently complicated right-angled Artin groups is computationally intractable.
Note that, by virtue of residual finiteness (cf. Subsection 3.8.3), the word problem
for right-angled Artin groups and all of their subgroups is automatically solvable
(see [78], for instance).
3.8. Some non–subgroups. Other than nonabelian solvable groups as in Subsection 3.1, there are several other classes of groups which cannot occur as subgroups
of right-angled Artin groups.
3.8.1. Finite subgroups. It is not diﬃcult to prove that a simply connected CAT(0)
space is contractible. It follows that right-angled Artin groups are torsion–free,
since the universal cover of the Salvetti complex admits the structure of a finite
dimensional contractible CW complex.
3.8.2. Central extensions. A central extension of a group Q is an exact sequence
1 Ñ Z Ñ G Ñ Q Ñ 1,
where the image of Z under the second map lies in the center of G. The extension is
split of there exists a map Q Ñ G splitting this sequence. The extension is virtually
split if some finite index subgroup of G has the structure of a split extension.
Proposition 3.10 (See [71, 73, 61]). Let G be a non–virtually split central extension. Then no finite index subgroup of G occurs as a subgroup of a right-angled
Artin group.
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The Birman Exact Sequence [15, 44] shows that if S is a surface of genus at
least three or genus two with at least two punctures or boundary components, then
the mapping class group ModpS q contains a copy of the group U, the fundamental
group of the unit tangent bundle of a closed genus two surface. This group has the
presentation
U “ xa, b, c, d, z | ra, bsrc, ds “ z2 , ra, zs “ rb, zs “ rc, zs “ rd, zs “ 1y,
and is a non–virtually split central extension of a closed surface group. By Proposition 3.10, the groups U and ModpS q and their finite index subgroups cannot embed
in any right-angled Artin group.
3.8.3. A criterion for admitting a nontrivial homomorphism to a right-angled Artin
group. Another useful property of right-angled Artin groups is that they are residually torsion–free nilpotent. This means that for every nontrivial element w P ApΓq,
there exists a torsion–free nilpotent quotient of ApΓq in which w survives (see [80],
for instance). In particular, this gives another proof that right-angled Artin groups
are torsion–free.
Proposition 3.11. Let G be a finitely generated group and let ApΓq be a right-angled
Artin group.
(1) The group G admits a nontrivial homomorphism to ApΓq if and only if
H 1 pG, Qq ‰ 0.
(2) If there exists an injective homomorphism G Ñ ApΓq and G is nonabelian
then H 1 pG, Qq has rank at least two.
Proof. For the first item, let ϕ : G Ñ ApΓq be a nontrivial homomorphism. Then
there is a torsion–free nilpotent quotient q : ApΓq Ñ N such that q ˝ ϕ is not trivial.
Since the image of q ˝ ϕ is torsion–free and nilpotent, the image surjects to Z,
whence H 1 pG, Qq ‰ 0. Conversely, suppose that H 1 pG, Qq ‰ 0, and choose a
surjective homomorphism ϕ : G Ñ Z. Choosing any nontrivial element w P ApΓq,
we get a nontrivial map G Ñ ApΓq by composing ϕ with the map Z Ñ ApΓq sending
a generator of Z to w.
For the second item, we again appeal to the residual torsion–free nilpotence of
ApΓq to find a nonabelian torsion–free nilpotent quotient N of G. By passing to
a further quotient of G if necessary, we may assume that N is a non–split central
extension
1 Ñ Z Ñ N Ñ A Ñ 1,
where A is torsion–free and abelian. Since equivalence classes of such central extensions are classified by cohomology classes in H 2 pA, Zq (see [4, 79], for instance),
this extension is split unless H 2 pA, Zq ‰ 0 . Since A is torsion–free, it follows that
it must have rank at least two, whence H 1 pG, Qq has rank at least two.
□
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From Proposition 3.11, one can deduce a number of corollaries. For instance,
one can show that a noncyclic knot group cannot embed into a right-angled Artin
group. Item (2) of Proposition 3.11 is hardly an if and only if criterion, and hence
of somewhat limited applicability.
4. Homeomorphism groups and orderability
Homeomorphism groups of one–manifolds have been studied classically, and
there are satisfying algebraic characterizations of countable subgroups of these
homeomorphism groups. General references for this section are [36, 38, 47, 83].
First, note that R and S 1 are both topological groups in their own right, and hence
act on themselves by the regular action. We thus obtain many abelian subgroups
of Homeo` pRq and Homeo` pS 1 q. Characterizations of R and S 1 as subgroups of
Homeo` pRq and Homeo` pS 1 q respectively are known as Hölder’s Theorem and
Denjoy’s Theorem, respectively, which we record for use in the sequel. Recall that
a group G acts freely on a set X if for each 1 ‰ g P G we have Fix g “ ∅.
Theorem 4.1 (Hölder’s Theorem). Let G ă Homeo` pRq be a countable group
which acts freely on R. Then G is abelian.
Hölder’s Theorem can be improved to say that G is conjugate into the additive
group R, provided the action is assumed to by by C 2 diﬀeomorphisms.
Theorem 4.2 (Denjoy’s Theorem). Let G ă Homeo` pS 1 q be a countable group
which acts freely on S 1 . Then G is abelian.
As with Hölder’s Theorem, if the action is assumed to be by C 2 diﬀeomorphisms
then G is conjugate into the group S 1 .
We turn our attention general group actions on the line and on the circle. A group
G is left orderable if there exists a total ordering ď on G which is left invariant, i.e.
for all a, b, g P G we have a ď b if and only if ga ď gb. A group G is cyclically
orderable if there exists a function ω : G3 Ñ t˘1 Y 0u which is:
(1)
(2)
(3)
(4)
(5)

Left invariant;
Cyclic, i.e. ωpa, b, cq “ ωpb, c, aq;
Asymmetric, i.e. ωpa, b, cq “ ´ωpa, c, bq;
Transitive, i.e. ωpa, b, cq “ 1 and ωpa, c, dq “ 1 implies ωpa, b, dq “ 1;
Total, i.e. ωpa, b, cq “ ˘1 whenever a, b, c are distinct.

Intuitively, there is a left invariant choice of orientation on every (cyclically)
ordered triple in G. Note that a left orderable group is automatically cyclically
orderable. If a ă b ă c we define ωpa, b, cq “ 1, and the remaining values of ω are
determined by this condition.
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The following result is oftentimes called the dynamical realization of an order,
and was for a long time a folklore theorem. In the statement, we denote the closed
unit interval by I.
Theorem 4.3 (See [38, 83], for instance). Let G be a countable group.
(1) The group G injects into Homeo` pRq and Homeo` pIq if and only if G is left
orderable;
(2) The group G injects in Homeo` pS 1 q if and only if G is cyclically orderable.
From Theorem 4.3, it is again easy to see that a (countable) left orderable group
is automatically cyclically orderable. If ϕ P Homeo` pRq, we compactify R with a
point at infinity, and extend ϕ to S 1 by declaring it to fix the point at infinity.
4.1. Implicit homeomorphism actions of right-angled Artin groups. Theorem
4.3 says that the moment we find a left invariant ordering on a countable group G,
then we have implicitly found an action of G by homeomorphisms on R. Here, we
show how to produce many left orderings of a right-angled Artin groups. Recall
that in Subsection 3.8.3, we mentioned the fact that right-angled Artin groups are
residually torsion–free nilpotent.
Proposition 4.4 (See [36]). Let G be a finitely generated, residually torsion–free
nilpotent group. Then G is left orderable.
In the proof we will show that G is in fact bi–orderable, i.e. admits a total order
which is left invariant and conjugacy invariant.
Proof of Proposition 4.4. Choose a sequence of nested normal subgroups tγi pGquiě1
of G such that γ1 pGq “ G, such that
č
γi pGq “ 1,
iě1

such that G{γi pGq is torsion–free nilpotent for each i, and such that
γi´1 pGq{γi pGq ă ZpG{γi pGqq.
Note that γi´1 pGq{γi pGq is a finitely generated, torsion–free abelian group for each
i ě 2, and it is easy to see that any such group admits a bi–invariant ordering.
For each i, we choose such an ordering arbitrarily. Now if g, h P G are distinct,
choose i minimal such that 1 ‰ g´1 h P G{γi pGq. We declare g ă h if and only if
1 ă g´1 h P γi´1 pGq{γi pGq. It is straightforward to check that this is a bi–invariant
ordering on G.
□
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4.2. Explicit homeomorphism actions of right-angled Artin groups. In this subsection, we produce an explicit embedding ApΓq Ñ Homeo` pRq which will be illustrative for our discussion in the sequel. The construction we give here can be
found in [6]. We begin with some facts about the combinatorial group theory of
right-angled Artin groups.
Let 1 ‰ w P ApΓq be a reduced word. We say that w is a central word if supp w
is a complete subgraph of ApΓq. Since singleton vertices are complete subgraphs of
Γ, any element of ApΓq can be written as a product of central words. Now, let
w “ wk ¨ ¨ ¨ w1
be a (reduced) product of central words. We say that w is in left greedy normal
form if for each i ă k and each v P supp wi , there exists a v1 P supp wi`1 such that
rv, v1 s ‰ 1.
Proposition 4.5 (cf. [71]). Every reduced element 1 ‰ w P ApΓq can be written in
left greedy normal form.
Sketch of proof. Write w “ wk ¨ ¨ ¨ w1 as a product of central words. For each v P
supp w1 , find a vertex v1 P supp w2 such that rv, v1 s ‰ 1. If no such vertex exists,
move all the occurrences of v (or v´1 ) in w1 into w2 . Repeat this process for each
wi as many times as is necessary until no more vertices can be moved to the left.
If wi is empty at any point in this process, we simply delete it from the expression
of w. Since vertices are always moved only into central words with higher indices
and since the index k cannot increase, this process will terminate after finitely many
steps.
□
The following proposition is an immediate corollary of the definition of left
greedy normal form.
Proposition 4.6. Let 1 ‰ wk ¨ ¨ ¨ w1 P ApΓq be in left greedy normal form. Then
for each i there exists a vertex vi P supp wi such that for each i ă k we have
rvi , vi`1 s ‰ 1.
Theorem 4.7. Let Γ be a finite simplicial graph. Then there exists an injective map
ApΓq Ñ Homeo` pRq.
The proof will establish the following more precise statement: the group ApΓq is
residually Homeo` pIq, i.e. for each 1 ‰ w P ApΓq there exists a homomorphism
ϕ : ApΓq Ñ Homeo` pIq such that w R ker ϕ. Since ApΓq is countable and since
R can be written as a countable union of copies of I, this will suﬃce to prove
Theorem 4.7.
Proof of Theorem 4.7. Let 1 ‰ w P ApΓq. By Proposition 4.5, we can write
w “ wk ¨ ¨ ¨ w1 in left greedy normal form. Choose vi P supp wi satisfying Proposition 4.6. We define an action of ApΓq on I as follows: first, choose a chain of k open

Actions of right-angled Artin groups in low dimensions

13

subintervals tJ1 , . . . , Jk u of I such that Ji X Ji`1 is a nonempty proper subinterval
of Ji and of Ji`1 for i ă k, and such that Ji and Jℓ are disjoint otherwise. Moreover, we require these intervals to be increasing, i.e. the left and right endpoints
of Ji lie to the left of the left and right endpoints of Ji`1 , respectively. Choose a
point x1 P J1 zJ2 and increasing homeomorphisms ϕi supported exactly on Ji satisfying the following: inductively define xi`1 “ ϕi pxi q, we require xi`1 P Ji`1 , and
xk`1 R Jk´1 .
Let ϵi be the sign of vi as it occurs in wi . We define the action of vi on Ji to be via
ϕϵi i . Then, we set the action of v P VpΓq on I to be by
ź
ϕϵi i .
vi “v

Observe that this is a well–defined action of ApΓq on I. Moreover, it is clear that
xk`1 “ wpx1 q P Jk zJk´1 . Thus, if k “ 1 then there is nothing to check, and if k ą 1
then xk`1 ‰ x1 , so that w acts nontrivially on I.
□
5. Groups of C 1 diffeomorphisms
We now turn our attention to actions of groups with regularity beyond mere continuity. Diﬀerentiability of a group action does impose nontrivial restrictions on
groups which can act on a given one–manifold, though there are relatively few
systematic approaches to ruling out the action of a particular group. One of the
strongest tools in studying C 1 actions on one–manifolds is called Thurston Stability,
which finds its origins in foliation theory. Let G be a group acting on a topological
space X, and let x P X be a global fixed point of G. We write G x for the group of
germs of G at x. Namely, we consider the group G modulo the equivalence relation
g „ h if g and h agree on a neighborhood of x. One statement of Thurston Stability
is the following:
Theorem 5.1 (Thurston Stability, [89]). Let G ă Diﬀ 1 pMq be finitely generated,
where M is a one–manifold, and let x be a global fixed point of G. Then if G x is
nontrivial we have H 1 pG x , Rq ‰ 0.
Sketch of proof, following [22]. Assume G x is nontrivial. Without loss of generality, we may assume x “ 0. First, one may consider the homomorphism G Ñ R
given by ρ ÞÑ log ρ1 p0q. If this homomorphism is nontrivial then we are done, so
we may assume that G lies in the kernel. One then rescales the action of G suitably
and extracts a limiting action using Ascoli’s Theorem, obtaining an action of G x by
translations. Hölder’s Theorem then implies that G x admits a nontrivial homomorphism to R.
□
In particular, G is either trivial or surjects to Z. D. Calegari was the first to produce an explicit finitely presented group of Homeo` pS 1 q which admits no faithful
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homomorphism to Diﬀ 1 pS 1 q in [21]. In his example, he leveraged Thurston Stability by taking a certain perfect group H (i.e. H “ rH, Hs) which is naturally realized
as the fundamental group of a certain 2–dimensional hyperbolic orbifold and hence
admits a faithful analytic action on the circle, and embedding it in a larger group G.
He then shows that whenever G acts faithfully on the circle, there is a point whose
stabilizer is isomorphic to H, whence Thurston Stability precludes diﬀerentiability.
Thurston Stability says nothing about right-angled Artin groups acting by C 1
diﬀeomorphisms, since right-angled Artin groups are locally indicable, i.e. every
finitely generated subgroup surjects to Z. Locally indicable groups, however, may
not admit faithful C 1 actions on one–manifolds, as was first shown by A. Navas [82].
It turns out that if M is any one–manifold and Γ is any finite simplicial graph,
then ApΓq ă Diﬀ 1 pMq. In fact, a stronger result holds:
Theorem 5.2 (Farb–Franks [43], Jorquera [59]). Let G be a finitely generated
residually torsion–free nilpotent group and let M be a one–manifold. Then G ă
Diﬀ 1 pMq.
Since right-angled Artin groups are manifestly finitely generated and residually
torsion–free nilpotent, we obtain the following immediate corollary:
Corollary 5.3. Let Γ be a finite simplicial graph and let M be a one–manifold.
Then ApΓq ă Diﬀ 1 pMq.
The proof of Theorem 5.2 requires some rather subtle analytic estimates, so we
will only outline the basic idea in a special case. Let λ be a positive real number and
let N be a given finitely generated torsion–free nilpotent group. For simplicity, we
will assume that the lower central series of N has length two, so that rN, Ns ă ZpNq.
The goal is to produce a faithful action of N on an interval of length λ so that
the generators of N act by C 1 diﬀeomorphisms which are tangent to the identity
at the endpoints of the interval. One carefully chooses one homeomorphism for
each generator of N which is fully supported on the interval and tangent to the
identity at the endpoints, so that the commutator subgroup of N is supported on a
countable union of subintervals. With care, one can arrange for the commutator
subgroup to act freely on each interval of its support so that it is abelian by Hölder’s
Theorem (see Theorem 4.1), and one can arrange the commutator subgroup to be
periodic with respect to the conjugation action of the generators of N. This way, the
commutator subgroup will commute with the conjugation action of N and hence lie
in the center of N.
6. Groups of C 2 diffeomorphisms
Increasing the regularity of a group action to twice–diﬀerentiability, many fewer
groups can act on one–manifolds. One of the most powerful tools in this situation
is Kopell’s Lemma [74], which can be stated as follows:
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Theorem 6.1. Let f, g P Diﬀ 2 pIq be such that r f, gs “ 1. Suppose Fix f X p0, 1q “
∅ and Fix g X p0, 1q ‰ ∅. Then g “ 1.
A particularly eﬃcient proof of Theorem 6.1 is given by Calegari [22], which we
reproduce here for the convenience of the reader. First, we require the following
fact which is very easy but nevertheless useful:
Lemma 6.2. Let X be a set and let f, g P SympXq be such that r f, gs “ 1. Then
f pFix gq Ă Fix g.
Proof. Let x P Fixpgq. Then f pxq “ f pgpxqq “ gp f pxqq, so that f pxq P Fix g.

□

Proof of Theorem 6.1. Note that f acts on p0, 1q – R, and since f is fixed point free,
it is topologically conjugate to translation by 1 by a homeomorphism h : p0, 1q Ñ R.
A fundamental domain for the action of f will be defined to be the subinterval
J “ ph´1 p0q, h´1 p1qq. By definition, f n pJq X J “ ∅ for any n ‰ 0.
The assumption that f is C 2 implies that the function log | f 1 | is Lipschitz and is
hence of bounded variation on I. Choosing a, b P J, this implies that
ˇ
8 ˇ
ÿ
ˇ
ˇ
1
i
1
i
ˇ log | f p f paqq| ´ log | f p f pbqq|ˇ ď K
ˇ
ˇ
i“´8

for some constant that is independent of both a and b. From this estimate and the
chain rule, there exists a positive constant C such that
ˇ
ˇ
ˇ p f n q1 paq ˇ
1
ˇ
ˇ
ď ˇ n 1 ˇ ď C,
C ˇ p f q pbq ˇ
independently of n P Z. From the chain rule and the fact that ϕ “ gm commutes
with f , we obtain
p f n q1 pxq
ϕ1 pxq
“
p f n q1 pϕpxqq
ϕ1 p f n pxqq
for every n P Z.
Suppose for a contradiction that g is not the identity. Since g has at least one
fixed point, we may assume that g has a fixed point p such that for some x near p
we have gk pxq Ñ p as k Ñ 8. Note that if x was chosen suﬃciently close to p, we
have that the expression
ˇ
ˇ
ˇ p f n q1 pxq ˇ
ˇ
ˇ
ˇ n 1
ˇ
ˇ p f q pϕpxqq ˇ
is bounded away from zero.
Since p is fixed, we can fix ϵ ą 0 and find an m such that
|gm pxq ´ p|
ă ϵ.
|x ´ p|
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In particular, for any δ ą 0, we can choose an m ą 0 such that
|ϕ1 pxq| “ |pgm q1 pxq| ă δ.
Now, applying Lemma 6.2, we have that fixed points of g accumulate at 0. Since
g is C 1 , it follows that ϕ1 p0q “ 1. Thus for a fixed δ ą 0, there is an n such that
|ϕ1 p f n pxqq| ě 1 ´ δ. But then we have the estimate
ˇ
ˇ
ˇ ϕ1 pxq ˇ
δ
ˇ
ˇ
.
ˇď
ˇ 1 n
ˇ ϕ p f pxqq ˇ 1 ´ δ
Since δ was arbitrary, this is a contradiction.

□

6.1. Nilpotent groups and the Plante–Thurston Theorem. By Theorem 5.3, we
have that every right-angled Artin group acts faithfully by C 1 diﬀeomorphisms on
every one–manifold. We first show that the methods of Theorem 5.2 do not generalize to C 2 diﬀeomorphisms. This is the content of the Plante–Thurston Theorem
and its generalization to R due to Farb–Franks.
Theorem 6.3 (Plante–Thurston [85], cf. [83]). Let N ă Diﬀ 2 pMq be a nilpotent
subgroup, where M is a compact one–manifold. Then N is abelian.
Proof. We will prove the result in the special case where M “ I. We claim that
for each 1 ‰ f P N, we have Fix f X p0, 1q “ ∅. This will prove the result, since
Theorem 4.1 then implies that N is abelian.
We assume that N has no global fixed points in I, and let g P ZpNq be a central
element. Suppose that 1 ‰ f P N has at least one fixed point x P p0, 1q. Assume
that x P B Fix f . We claim that in this case, gpxq “ x. Otherwise, there is an interval
ra, bs with nonempty interior such that
ta, bu “ t lim gn pxqu.
nÑ˘8

Since g and f commute, Lemma 6.2 implies that f fixes both a and b. Kopell’s
Lemma (Theorem 6.1) now implies that if gpxq ‰ x then f is the identity on ra, bs.
Since we assume x P B Fix f and since x P pa, bq, this is a contradiction and we
conclude that gpxq “ x.
Let y P Fix g X p0, 1q be a boundary point of the fixed point set of g. Since g is in
the center N, we have that hpyq “ y for all h P N, by the same argument as before.
It follows that y is a global fixed point of N, a contradiction.
□
The following generalization of Theorem 6.3 holds in the noncompact setting:
Theorem 6.4 (See [43]). Let N ă Diﬀ 2 pRq be a nilpotent subgroup. Then N is
metabelian, i.e. rN, Ns is abelian.
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Sketch of proof. First, a variation of the argument in the proof of Theorem 6.3 can
be used to prove that if every element of a nilpotent group action on R has a fixed
point then the group must be abelian. Then, one takes an arbitrary nilpotent group N
acting on R and one finds an N–invariant measure on R which is finite on compact
sets. This furnishes a homomorphism N Ñ R given by looking at the translation
number. Each element of the kernel of this map has a fixed point, whence N must
be metabelian.
□
In [43], Farb–Franks prove that whereas not every finitely generated nilpotent
group occurs as a subgroup of Diﬀ 2 pRq, there are nilpotent subgroups of arbitrary
lower central series length.
6.2. C 2 actions of right-angled Artin groups. Theorems 6.3 and 6.4 show that
one cannot leverage nilpotent groups to find right-angled Artin subgroups of Diﬀ 2 pMq
for any one–manifold. We will see below in Theorem 7.1 that every right-angled
Artin group does indeed embed into Diﬀ 2 pRq, and in fact into Diﬀ 8 pRq. This suggests that right-angled Artin groups should occur plentifully in Diﬀ 2 pMq when M
is compact. The opposite is true, however.
Let P4 be the graph which is a path on four vertices, which is depicted in Figure 1.
a

b

c

d

Figure 1. The graph P4 .
The corresponding right–angled Artin group has the presentation
ApP4 q – xa, b, c, d | ra, bs “ rb, cs “ rc, ds “ 1y.
The group ApP4 q is a specific right-angled Artin group, but it is privileged in the
sense that it is pervasive among right-angled Artin groups which are suﬃciently
complicated. We say that a finite simplicial graph Γ is a cograph if P4 Ć Γ. It
turns out that right-angled Artin groups on cographs are exactly the ones which
do not contain a copy of ApP4 q. Moreover, these groups admit a straightforward
characterization.
Proposition 6.5 (See [63], for instance). Let Γ be a finite simplicial graph. Then Γ
is a cograph if and only if ApP4 q is not a subgroup of ApΓq. Moreover, the class K
of right-angled Artin groups on cographs is characterized by the following:
(1) The group Z P K ;
(2) The class K is closed under taking finite direct products;
(3) The class K is closed under taking finite free products.
When M is compact, the right-angled Artin subgroups of Diﬀ 2 pMq are very limited:
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Theorem 6.6 (See [7]). Let M be a compact one–manifold. Then the group ApP4 q is
not a subgroup of Diﬀ 2 pMq. In particular, if ApΓq ă Diﬀ 2 pMq then Γ is a cograph.
The proof of Theorem 6.6 is rather involved and we will not give it here, though
we will sketch some of the main ideas. The idea is to translate the combinatorial
structure of the group ApP4 q into a dynamical setup of subintervals and diﬀeomorphisms acting on M, all the time making liberal use of Kopell’s Lemma and the
Mean Value Theorem.
The first thing one does to prove Theorem 6.6 is to use a putative faithful C 2
action ϕ : ApP4 q Ñ Diﬀ 2 pMq to force the supports of the generators
tϕpaq, ϕpbq, ϕpcq, ϕpdqu
to exhibit certain desirable properties. Namely, consider the chains of intervals
as in Figure 2, where the intervals Iv are components of supp ϕpvq. Observe that
restricting to such a configuration, the commutation relations defining ApP4 q are
satisfied by the corresponding diﬀeomorphisms.

Ic

Ia

Id

Ib

Ic

(a)

Ia

Id

Ib

(b)

Figure 2. Chains of intervals.
The most diﬃcult part of the proof of Theorem 6.6 is to show that if the action of
ApP4 q on M is faithful, then there must exist infinitely many configurations of intervals ttIa , Ib , Ic , Id un uně1 in the supports of the generators tϕpaq, ϕpbq, ϕpcq, ϕpdqu
which have the same intersection pattern (up to orientation) as the intervals in Figure 2. Moreover, if x denotes the right endpoint of Ic , for infinitely many of these
configurations, we must have ϕpdq ˝ ϕpaqpxq P Ib . This part of the proof requires
both Kopell’s Lemma and the faithfulness of the action of ApP4 q.
Since M is compact, it follows that these configurations ttIa , Ib , Ic , Id un uně1 must
get arbitrarily small as n tends to infinity. One then uses the Mean Value Theorem to
deduce that at least one of ϕpaq or ϕpdq fails to be C 1 , which establishes the result.
Note that this does not contradict Corollary 5.3, since Kopell’s Lemma was used in
an essential way.
Theorem 6.6 makes significant progress towards but does not quite complete the
classification of right-angled Artin subgroups of Diﬀ 2 pMq. The following question
remains open:
Question 6.7. Let Γ be a cograph and let M be compact. Do we have ApΓq ă
Diﬀ 2 pMq?

Actions of right-angled Artin groups in low dimensions

19

The simplest case of Question 6.7 which is unknown is the case where Γ is a path
on three vertices together with an isolated vertex, i.e. ApΓq – pF2 ˆ Zq ˚ Z. A more
general question about the algebraic structure of diﬀeomorphism groups which is
unknown is the following, a positive answer to which would give a positive answer
to Question 6.7:
Question 6.8. Let G denote the class of finitely generated subgroups of Diﬀ 2 pMq,
where M is a compact one–manifold. Is G closed under finite free products?
It seems to the author that the case of pF2 ˆ Zq ˚ Z contains all the salient features
of the general case of Question 6.8. On the one hand, if the answer to Question 6.7
for this group is no then we would obtain a new proof of Theorem 6.6 since pF2 ˆ
Zq ˚ Z ă ApP4 q. On the other hand, if the answer to Question 6.7 is yes then we
would obtain a dynamical characterization of cographs.
Remark 6.9. At the time of the original writing, Questions 6.7 and 6.8 were open.
They have both been very recently resolved in the negative by Kim and the author [68].
7. Non–compactness and C 8 diffeomorphisms
If one dispenses with the assumption that the manifold M on which the rightangled Artin group acts is compact, the algebraic restrictions on right-angled Artin
groups with highly regular actions on one–manifolds disappear.
7.1. C 8 actions. Theorem 4.7 contains all the necessary ideas to prove the following result, which is the primary result in the paper [6] of Baik, Kim, and the
author:
Theorem 7.1. Let Γ be an arbitrary right-angled Artin group. Then there exists an
injective ApΓq Ñ Diﬀ 8 pRq.
Sketch of proof. To establish the result, we can mimic the proof of Theorem 4.7
above. It suﬃces to exercise suﬃcient care to ensure that all the choices of homeomorphisms are C 8 . If 1 ‰ w P ApΓq has length n, it is fairly easy to use the
construction of Theorem 4.7 to produce an action of ApΓq on the interval r0, ns so
that the derivatives of the generators are universally bounded. This way, one obtains
an embedding ApΓq Ñ Diﬀ 8 pRq.
□
7.2. Analytic actions. The highest degree of regularity one can consider on a compact one–manifold is analyticity, and we write Diﬀ ω pMq for the group of analytic
diﬀeomorphisms of M. Recall that if t is a local parameter of M, an analytic diﬀeomorphism of M is given by a locally convergent power series in t.
The principle of analytic continuation severely restricts commutation of diﬀeomorphisms in Diﬀ ω pMq, and hence the diversity of right-angled Artin subgroups
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of Diﬀ ω pMq. The following is a standard result about analytic functions, which
applied more generally than as we state here:
Lemma 7.2. Let M be a one–manifold and let f and g be analytic functions on M.
Let txi uiě1 Ă M be a sequence of points with accumulation point x P M, such that
f pxi q “ gpxi q for each i. Then f “ g on M.
Proof. By the continuity of all derivatives, we have that the value and all derivatives
of f ´ g at x are 0, whence the power series expansion of f ´ g is identically 0. □
Applying Lemma 7.2 to the identity function, we obtain the following:
Corollary 7.3. Let M be a compact one–manifold and let f P Diﬀ ω pMq. Then f
has at most finitely many fixed points.
Combining Corollary 7.3 with Lemma 6.2, we see the following:
Corollary 7.4. Let M be a compact one–manifold and let f, g P Diﬀ ω pMq be such
that r f, gs “ 1. Suppose moreover that both f and g have infinite order. Then for
some N, M " 0 we have Fixp f N q “ Fixpg M q.
Proof. The only potential complication here is when M has a component homeomorphic to S 1 and one of f or g has periodic points. Replacing f and g by suitable
powers, we may assume that both are fixed point free (in which case the conclusion
of the corollary holds trivially), or f has a finite collection of fixed points and g
has no periodic points. Lemma 6.2 implies that gpFix f q “ Fix f , so that Fix f is
pointwise stabilized by g. Switching the roles of f and g, we obtain the desired
conclusion.
□
Thus, a nontrivial analytic homeomorphism f is fully supported in the sense that
the interior of Fix f is empty, and two infinite order commuting analytic homeomorphisms of a compact one–manifold have the same fixed points, possibly after
passing to a power.
Let G be a group and let S Ă G. The commutation graph of S is the graph whose
vertices are the elements of S and whose edge relation is given by commutation in
G.
The following lemma also holds for C 2 diﬀeomorphisms (see [42]), but for simplicity we state it for analytic diﬀeomorphisms.
Lemma 7.5. Let M be a compact one–manifold and let S Ă Diﬀ ω pMqz1 be a collection of diﬀeomorphisms. Suppose that the commutation graph of S is connected.
Suppose moreover that each g P S has at least one fixed point on each component
of M which is homeomorphic to S 1 . Then G “ xS y is abelian.
Proof. By Corollary 7.4, the set of fixed points of any element of S are global fixed
points of G, so we may consider the case where G acts without global fixed points
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on a single interval I. Let g P S and suppose that there is an element h P ZG pgq
with a fixed point in the interior of I. Then the fact that h is C 2 implies that h is
the identity, by Kopell’s Lemma. Thus, ZG pgq acts freely on I and is hence abelian
by Hölder’s Theorem. Thus if g1 , g2 P S , induction on distance in the commutation
graph of S implies that g1 and g2 commute, hence G is abelian.
□
Combining the facts we have gathered we obtain the following:
Theorem 7.6. Let ApΓq ă Diﬀ ω pS 1 q. Then every connected component of Γ is
complete. Moreover, every such right-angled Artin group embeds in Diﬀ ω pS 1 q.
Theorem 7.6 was originally proved by A. Akhmedov and M. Cohen [3], and we
sketch a proof here:
Sketch of proof of Theorem 7.6. First, suppose that ApΓq ă Diﬀ ω pS 1 q. Notice that
Γ is the commutation graph of VpΓq, viewed as a subset of ApΓq. Replacing generators of ApΓq by suitable powers, we may assume that the hypotheses of Lemma 7.5
are satisfied by elements of VpΓq. It follows that each component of Γ is complete.
Now, let Γ be a graph, each component of which is complete. If n is the size of the
largest component of Γ, it suﬃces to show Z ˚ Zn ă Diﬀ ω pS 1 q, by a standard application of the Kurosh Subgroup Theorem. One can show that Z ˚ Zn can be realized
as a subgroup of PSL2 pRq ă Diﬀ ω pS 1 q. To see this, consider two hyperbolic axes γ
and δ which share no endpoints at infinity. For each nontrivial w P Z ˚ Zn , the points
on the PSL2 pRq representation variety of Z ˚ Zn for which w is not in the kernel
form a proper subvariety, by an easy Ping–Pong Lemma argument (see [35, 70]). A
standard Baire Category argument proves that Z ˚ Zn ă PSL2 pRq.
□
8. Ubiquity, mapping class groups, and applications
In this section, we discuss classes of groups which contain many right-angled
Artin groups.
8.1. Mapping class groups. Let S be an orientable surface with finite genus g and
a finite number n of punctures, marked points, and boundary components. Recall
that the mapping class group ModpS q is defined to be the group of homotopy classes
of orientation preserving homeomorphisms of S .
An important tool for studying mapping class groups if the curve graph of S ,
denoted C pS q. This is the graph whose vertices are homotopy classes of essential
embedded loops in S which are not parallel to a puncture, marked point, or boundary component, and whose edge relation is given by disjointness (i.e. two loops are
adjacent if they have representatives in their homotopy classes which are disjoint
on S ). A good measure of the complexity of C pS q is the the number
cpS q :“ 3g ´ 3 ` n,
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which coincides with the size of the largest complete subgraph of C pS q. In the
literature on mapping class groups, authors often consider the curve complex, which
is just the flag complex of the curve graph. Note that the mapping class group acts
on C pS q, more or less by definition, and the quotient is finite.
The curve graph provides a good bridge between mapping class groups and rightangled Artin groups, in light of the following result.
Theorem 8.1 ([71], cf. Theorem 3.5). Let Γ be a finite simplicial graph and
let ı : Γ Ñ C pS q be an injective map of graphs which is adjacency (and non–
adjacency) preserving. Then for all N " 0 the map
iN : ApΓq Ñ ModpS q
N
given by v ÞÑ T ipvq
is injective, where here T ipvq denotes the Dehn twist about the
curve ipvq.

Theorem 8.1 holds in somewhat greater generality, though we shall not require
such a statement here. The proof of Theorem 8.1, while relying only on relatively
elementary hyperbolic geometry and combinatorial group theory, is rather involved
and we will not give it here. Converses to Theorem 8.1 in the sense of Theorem 3.5
have been studied in [65, 67] (cf. [13]).
Theorem 8.1 is not the first result about right-angled Artin subgroups of mapping class groups. Interest in the subgroup structure of mapping class groups has
led many authors to study right-angled Artin subgroups of mapping class groups,
including Crisp–Farb [29], Crisp–Paris [30], Crisp–Wiest [33], Clay–Leininger–
Mangahas [28], and Kuno [75].
We note the following corollaries, which are fairly easy consequences of Theorem 8.1:
Corollary 8.2. Let S and cpS q be as above.
(1) We have ApP4 q ă ModpS q if and only if cpS q ě 2;
(2) If cpS q ă 2 then some finite index subgroup of ModpS q is a free group or a
direct product of a free group with Z.
Corollary 8.3. Let Γ be given. Then there exists a surface S such that ApΓq ă
ModpS q.
The following proposition is very easy yet rather useful:
Proposition 8.4. Let G be a group, let H ă G be a finite index subgroup, and let
ApΓq ă G. Then ApΓq ă H.
Proof. It is not diﬃcult to see that for each N ‰ 0, we have xvN | v P VpΓqy – ApΓq.
Let n “ rG : Hs. Then the permutation action of G on the cosets of H in G furnishes
a normal subgroup K ď H ă G which has index at most n!. If g P G is any element,
we have gn! P K, whence the claim of the proposition.
□
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Corollary 8.2 and Proposition 8.4 together show that mapping class groups (and
their finite index subgroups) either contain a copy of ApP4 q, or they contain no
interesting right-angled Artin groups at all.
8.2. Braid groups. Recall that the braid group Bn on n strands has the presentation
Bn – xs1 , . . . , sn´1 | si si`1 si “ si`1 si si`1 , rsi , s j s “ 1 whenever |i ´ j| ą 1y.
It is standard that the braid group is identified with the mapping class group of a
disk with n punctures or marked points, so that the majority of the discussion of
Subsection 8.1 applies. What is not so immediate is Corollary 8.3 for braid groups.
Given Γ, any naı̈ve construction of S generally results in a surface with positive
genus, and it is unclear that one can arrange the surface S to be planar. One cannot
apply Theorem 8.1, since not every graph can be realized inside of the curve graph
of a multiply punctured disk. Corollary 8.3 does hold for braid groups, however.
The starting point is the following result of Crisp–Wiest [33]:
Theorem 8.5. Suppose Γc is planar. Then for some n " 0, we have ApΓq ă Bn .
Sketch of proof. Embed Γc into a disk D. For each vertex v P VpΓq, we choose a
subdisk Dv Ă D so that Dv X Dw “ ∅ precisely then tv, wu R EpΓc q. We then
introduce some punctures so that each Dv becomes a subsurface of negative Euler
characteristic, and so that all intersections of subdisks are essential. We then choose
essential embedded curves γv Ă Dv which are not parallel to a puncture, and such
that γv X γw “ ∅ if and only if Dv X Dw “ ∅. Applying Theorem 8.1, we get the
conclusion of the result.
□
With some more care and a slightly diﬀerent choice of mapping classes, one can
say something slightly stronger: one can arrange the subgroup ApΓq ă Bn to be
quasi–isometrically embedded.
Theorem 8.5 suggests that one might attempt to embed a given right-angled Artin
group ApΓq into a larger group ApΛq, where Λc is planar. We now sketch how one
can do this.
We assume that Γc is connected, which is a harmless assumption since it merely
assumes that ApΓq does not split as a direct product of two right-angled Artin subgroups. Let X be the universal cover of Γc , viewed as a simplicial 1–complex,
and write p : X Ñ Γc for the covering map. If T Ă X is a connected subgraph
then T is contractible and hence planar. Fix a vertex x0 P X and let T N be the
N–neighborhood of x0 in X. There is a natural, well–defined homomorphism
ϕN : ApΓq Ñ ApT Nc q
given by
ϕN pvq “

ź
xPp´1 pvqXT N

x.
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If p´1 pvq X T N is empty then we define this product to be the identity.
Theorem 8.6 ([66]). If N is large enough, then the map ϕN : ApΓq Ñ ApT Nc q is
injective.
Again, one can prove that ϕN is a quasi–isometric embedding, if N " 0. The
proof of Theorem 8.6 relies on cancellation theory in right-angled Artin groups,
and we will not reproduce it here. Combining Theorem 8.6 with Theorem 8.5, we
obtain the following:
Theorem 8.7. Let Γ be a finite simplicial graph. Then for all n " 0, we have
ApΓq ă Bn .
In [66], Kim and the author provided rather poor bounds on n in Theorem 8.7 as
a function of |VpΓq|, but these were greatly improved by Lee–Lee [76].
8.3. Related groups. In this subsection, we note several other natural classes of
groups which are rich enough to contain lots of right-angled Artin groups. Mapping
class groups are helpful in some situations:
Proposition 8.8. If n ě 3 then the groups OutpFn q and AutpFn q contains ApP4 q.
This can be seen be considering the mapping class group of a twice–punctured
torus and a twice–punctured torus with a marked point, viewed as subgroups of
OutpF3 q and AutpF3 q respectively.
There are many other natural classes of groups which contain ApP4 q but which
do not contain subgroups commensurable with mapping class groups. Recall that
the Torelli group I pS q is the kernel of the homology representation
ModpS q Ñ AutpH1 pS , Zqq.
The Johnson kernel K pS q ă I pS q is the group generated by Dehn twists about
separating loops in S .
Proposition 8.9. If the genus of S is at least 3, then the Torelli group I pS q and the
Johnson kernel K pS q contain ApP4 q.
The Torelli group and Johnson filtration fit inside of a more general filtration of
ModpS q, called the Johnson filtration (cf. [8, 44]. For simplicity, we will define it
here for a closed surface with a marked point p, so that ModpS , pq can be identified
with a finite index subgroup of Autpπ1 pS , pqq.
Let γk pS q be the kth term of the lower central series of π1 pS q, so that γ1 pS q “
π1 pS q and γk pS q “ rπ1 pS q, γk´1 pS qs. We write
Jk pS q “ kertModpS q Ñ Autpπ1 pS q{γk pS qqu,
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and then tJk pS qukě1 is the Johnson filtration of ModpS q. Since π1 pS q is residually
nilpotent, we have that
č
Jk pS q “ t1u.
k

Note that with this definition, we have that J1 pS q “ ModpS q, that J2 pS q “
I pS q, and that (though this is not obvious) J3 pS q “ K pS q.
Proposition 8.10. Let k ě 4, and let S have genus at least 5. Then ApP4 q ă Jk pS q.
Right-angled Artin groups are also linear over Z and hence occur inside of SLn pZq
for n " 0. The reader may consult Humphries [58] and Hsu–Wise [56] for the
original proofs of this fact. Another way to see this is to use a result of Davis–
Januszkiewicz [34] which shows that a given right-angled Artin group embeds as
a finite index subgroup a right-angled Coxeter group, and right-angled Coxeter
groups are always linear over Z.
Proposition 8.11. For n ě 8, we have ApP4 q ă SLn pZq.
8.4. Actions on compact one–manifolds. Actions of mapping class groups on
compact one–manifolds (especially the circle) are of interest from two perspectives,
namely existence and non–existence.
The perspective of existence derives from a classical result of Nielsen (see [25,
41]).
Theorem 8.12. Let S “ S g,1 be a closed surface of genus g ě 2 with one marked
point. Then there is an injective homomorphism ModpS q Ñ Homeo` pS 1 q. Moreover, this action has no global fixed points, and every orbit is dense.
Sketch of proof. Let ψ P ModpS q, and lift ψ to a homeomorphism Ψ of S . Choose
r be
a preferred lift of the marked point of S in the universal cover H2 of S , and let Ψ
r on H2
the lift of Ψ to H2 fixing this lift. Then the action (by quasi–isometries) of Ψ
2
1
extends to the boundary BH – S , and is independent of the choice of lift Ψ of ψ,
whence the result.
□
While Nielsen’s action of ModpS q on S 1 is “nice enough” analytically in the
sense that the action is by quasi–symmetric homeomorphisms, there is an essential
non–diﬀerentiability to this action. For instance, one can verify directly that if γ is
a simple loop on S and z is an endpoint at infinity of a lift of γ to H2 , then the action
of the Dehn twist about γ is not diﬀerentiable at z.
The question of whether or not Nielsen’s action (or indeed any action of the mapping class group at all) can be smoothed naturally leads to the second perspective
on mapping class group actions on the circle. This perspective derives from a broad
analogy between mapping class groups and lattices in semisimple Lie groups. The
mapping class group exhibits some behavior of a lattice in a rank one lattice, and
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some behavior of a higher rank lattice. Many rank one lattices have faithful actions
on the circle, whereas higher rank lattices never do:
Theorem 8.13 (Witte–Morris [93], Burger–Monod [20], Ghys [46]). Let G be a
higher rank lattice in a non–split semisimple Lie group of rank at least two.
(1) Any C 0 action of G on S 1 has a finite orbit;
(2) Any C 1 action of G on S 1 factors through a finite group.
The second part of Theorem 8.13 can be deduced from the first. Let p be a fixed
point of the C 1 action of a finite index subgroup G0 ă G. Then Thurston Stability
implies that the germ of the action of G0 at p is either trivial or admits a nontrivial
homomorphism to R. But G0 , being a lattice in higher rank, has Kazhdan’s Property
pT q (see [11]) and thus admits no such homomorphisms. One then shows easily that
that G0 acts by the identity.
Theorem 8.13 is nicely complemented by a result of Navas:
Theorem 8.14 ([81]). Let G be a countable group with Kazhdan’s Property pT q.
Then any C 1`α action of G on the circle factors through a finite group, provided
α ą 1{2.
In light of Theorem 8.12, it is clear that no immediate generalization of Theorem 8.13 holds for mapping class groups. Increasing the regularity of the actions,
we have the following results:
Theorem 8.15 (Farb–Franks, Ghys (see [42])). Let S be a surface of genus at least
3. Then any C 2 action of ModpS q on a compact one–manifold is trivial.
Theorem 8.15 was generalized by Parwani [84] to C 1 actions:
Theorem 8.16. Let S be a surface of genus at least 6. Then any C 1 action of
ModpS q on a compact one–manifold is trivial.
As might be expected, the main dynamical tool used to prove Theorem 8.15 is
Kopell’s Lemma, and for Theorem 8.16 it is Thurston Stability. In both of these
results, the essential facts about mapping class groups that are used are the fact
that Dehn twists about curves intersecting once satisfy braid relations, and that sufficiently complicated mapping class groups have trivial abelianization. Kopell’s
Lemma can be used to show that braid relations collapse under C 2 actions of sufficiently complicated mapping class groups, and the lack of nontrivial homomorphisms from mapping class groups to R allows one to apply Thurston Stability.
Theorems 8.15 and 8.16 require the full mapping class group, whereas a lattice in
a Lie group is only defined up to commensurability. Braid relations disappear in finite index subgroups of mapping class groups, and the existence or non–existence of
nontrivial homomorphisms to R for finite index subgroups of mapping class groups
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is a well–known open problem. However, using right-angled Artin groups (and precisely Theorem 6.6), one can prove analogues of Theorem 8.13 for mapping class
groups and other groups:
Theorem 8.17. Let M be a compact one–manifold. No finite index subgroup of the
following groups admits an injective homomorphism to Diﬀ 2 pMq:
(1) The mapping class group ModpS q for cpS q ě 2;
(2) The braid group Bn for n ě 4;
(3) The Torelli group and Johnson kernel in genus at least 3;
(4) Higher terms of the Johnson filtration in genus at least 5;
(5) The groups AutpFn q and OutpFn q for n ě 3;
(6) The group SLn pZq for n ě 8.
Of course the conclusion of Theorem 8.17 for SLn pZq is already implied by Theorem 8.13. In fact, Witte–Morris [93] has proved that for n ě 3, the group SLn pZq
is not virtually left orderable, so that any C 0 action on the circle already factors
through a finite group.
The action of the entire group AutpFn q or OutpFn q on the circle always factors
through a finite group, as was shown in [19].
As for mapping class groups and C 0 actions, it is easy to see that if S is closed
then ModpS q generally contains noncyclic finite groups and hence admits no faithful action on the circle. If S has a marked point then ModpS q still has torsion
and hence admits no faithful action on R. Since mapping class groups are virtually torsion–free, these obstructions vanish after passing to a finite index subgroup.
The following question is one of the most well–known open questions in orderable
groups:
Question 8.18. Let S be a closed surface. Does there exist a finite index subgroup
G ă ModpS q and an injective homomorphism G Ñ Homeo` pRq?
We remark briefly that mapping class groups of surfaces with nonempty boundary do admit faithful actions on R [54, 25].
9. Braid groups and virtual specialness
An important and often very diﬃcult question in CAT(0) geometry is to determine whether or not a particular group or class of groups can be the fundamental
group of a locally CAT(0) space, i.e. if they are CAT(0) groups. Some of the first
progress towards determining whether (general) Artin groups can be CAT(0) was
made by Deligne [37] and later by Charney–Davis [27]. Most mapping class groups
cannot be CAT(0) groups, since this would violate the Flat Torus Theorem (cf. Subsections 3.1 and 3.8). Braid groups do not have the obstructions to being CAT(0)
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groups that mapping class groups do, and in fact CAT(0) structures for braid groups
have been found for up to 6 strands (see [50] for the most recent advance).
CAT(0) structures on braid groups as they have been produced are generally not
virtual special cubulations, and in general we do not know the following:
Question 9.1. Are braid groups virtually special? Do braid groups embed as subgroups of right-angled Artin groups?
Question 9.1 has attracted some attention recently and has been partially answered. Huang–Jankiewicz–Przytycki [57] give an if and only if condition for the
existence of a cocompact cubulation of a two–dimensional Artin group. In the most
recent version of his preprint, Haettel [49] claims a complete classification of virtual cocompact cubulations of Artin groups, in particular showing that Bn is not
virtually cocompactly cubulated whenever n ě 4.
A potential approach to resolving Question 9.1 is through actions on one–manifolds:
Question 9.2. Let G ă Bn be a finite index subgroup, where n ě 4. Does there
exist an injection G Ñ Diﬀ 8 pRq?
Proposition 9.3. Suppose the answer to Question 9.2 is no. Then braid groups are
not virtually special.
Proof. Suppose that Bn is virtually special. Then some finite index subgroup G ă
Bn can be embedded as a subgroup of a right-angled Artin group ApΓq. By Theorem 7.1, we have that ApΓq occurs as a subgroup of Diﬀ 8 pRq, a contradiction. □
10. Higher dimensional actions
In this final section, we consider the problem of finding right-angled Artin groups
inside of diﬀeomorphism groups of manifolds in dimension at least two.
Theorem 10.1. Let S be a two–manifold and let Γ be a finite simplicial graph. Then
ApΓq ă Diﬀ 8 pS q.
Proof. Let Γ be given. By Theorem 8.6, there is a planar graph T such that ApΓq ă
ApT c q, so it suﬃces to prove the result for graphs whose complements are planar.
So, fix a planar graph T and an open disk D Ă S , and choose disks Dv Ă D for
each vertex of T such that Dv X Dw “ ∅ if and only if tv, wu R EpT q. Choose some
number of marked points on D and mapping classes tψv uvPVpT q as in the proof of
Theorem 8.5, so that these mapping classes generate a copy of ApT c q. We lift each
ψv to a C 8 diﬀeomorphism Ψv supported on Dv . We claim that xΨv | v P VpT qy –
ApT c q.
First note that there is a natural map
f : ApT c q Ñ xΨv | v P VpT qy ă Diﬀ 8 pDq
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given by v ÞÑ Ψv . Moreover, there is a natural surjection g : xΨv | v P VpT qy Ñ
ApT c q given by Ψv ÞÑ ψv . Observe that the composition g ˝ f of these two maps is
manifestly an isomorphism, whence f is an isomorphism.
□
It is not diﬃcult to see that Theorem 10.1 can be improved to manifolds of arbitrary dimension ě 2, by embedding a given right-angled Artin group in the group
of C 8 diﬀeomorphisms of a small ball.
For a surface (or for higher dimensional manifolds), one may insist on group
actions that preserve more structure than just a C 8 structure. For instance, if pM, ωq
is a symplectic manifold, one may ask if a given group can be realized as a group of
(Hamiltonian) symplectomorphisms of M. In this direction we have the following
improvement of Theorem 10.1 due to M. Kapovich:
Theorem 10.2 ([60]). Let Γ be a finite simplicial graph and let pM, ωq be a symplectic manifold. Then ApΓq embeds in the group of Hamiltonian symplectomorphisms
of M.
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