
Inversion of absorption spectral data for relaxation matrix determination. I.
Application to line mixing in the 106 —000 overtone transition of HCN

Robert Boyd, Tak-San Ho, and Herschel Rabitz
Department of Chemistry, Princeton University, Princeton, New Jersey 08544

Daniele Romaninia) and Kevin Lehmann
Department of Chemistry, Princeton University, Princeton, New Jersey 08544

~Received 17 December 1996; accepted 30 September 1997!

A new method of extracting the relaxation matrix directly from absorption spectral data is
formulated and applied to R-branch line mixing in HCN. The formulation makes use of a general
iterative inversion algorithm based upon first-order sensitivity analysis and Tikhonov regularization.
The recovered relaxation matrices describe line mixing much better than those derived from the
fitting laws currently in use, and the inversion algorithm usually converges within just three
iterations. This formulation presents the first known method for extracting the imaginary,
off-diagonal elements of the relaxation matrix. ©1998 American Institute of Physics.
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I. INTRODUCTION

The familiar description of the shape of absorption lin
as the Lorentzian becomes inadequate as pressure bro
ing causes adjacent lines to overlap and merge in a nonli
manner. This phenomenon, known as line mixing, can
attributed to inelastic collisions that transfer coheren
among the rovibrational transitions of overlapping line
Line mixing has practical applications in the fields of atm
spheric science and combustion diagnostics and, in addi
can provide information on collision dynamics and the u
derlying intermolecular potential.1 It is therefore highly de-
sirable to formulate a good model of this phenomenon
order to accurately describe and predict such press
broadened spectra, as well as to probe the dynamics an
potential.

The theory of line mixing was pioneered by Anderso2

Baranger,3 and Koleb and Griem,4 and reformulated by
Fano5 by adapting methods from scattering theory to t
Liouville representation of density matrices. The govern
quantity within this formalism is the relaxation operat
^Mc(n)&, first introduced by Zwanzig.6 This underlying
quantity ^Mc(n)& uniquely determines the pressur
broadened spectra and, in addition, provides a theore
connection to the collision dynamics and the intermolecu
potential.

Within the impact approximation,7 the frequency-
dependent ^Mc(n)& operator reduces to a frequenc
independent relaxation matrix,W, whose elements are d
rectly proportional to the collision cross sections therma
averaged over collision velocity.8 Current parametric model
for the W matrix, such as the physically based energ
corrected-sudden~ECS! inelastic rate scaling law,9 and
simple empirical models such as the modified exponen
gap~MEG! law and the power-exponential gap~PEG! law,10

a!Current address: Laboratoire de Spectrome´trie Physique—CNRS URA 08,
UniversitéJ. Fourier/Grenoble, B.P. 87—38402 Saint Martin d’He`res Ce-
dex, France.
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typically fit pressure-broadened spectra only modera
well. Hence, the development of an algorithm to extract aW
matrix from laboratory data that is capable of describing l
mixing more precisely would be useful. To this end, an
version method is presented to determine a suitableW ma-
trix from experimentally determined absorption spectra. T
algorithm, based on the Tikhonov regularization proced
for ill-posed problems, has been successfully applied to
determination of potential surfaces using data from elast11

and inelastic12 scattering, gas-surface scattering,13 and rovi-
brational spectroscopy.14

In this paper, the R branch of HCN is considered
detail as a case study. Recently, Romanini and Lehma15

have reported the overtone absorption spectra for
106←000 ~15CN, 05bend, 65CH! transition in HCN,
measured at room temperature over a pressure range of
to 724.8 Torr. The measurements were obtained using ca
ring-down spectroscopy, resulting in a very good signal-
noise ratio, with resolution limited only by the pulsed dy
laser (0.04 cm21650%). The high quality of this data
makes it ideal for purposes of inversion.

The subsequent parts of this paper are organized as
lows: In Sec. II A, the relevant elements from the theory
line mixing are presented along with the necessary forw
sensitivity analysis. The inversion algorithm is described
Sec. II B, and the results of an inversion using data obtai
via simulation for the R branch of HCN are given in Sec. I
In Sec. IV, the inversion results using the experimental d
of Romanini and Lehmann are presented and, finally, a b
summary with concluding remarks is given in Sec. V.

II. THEORY

A. Forward analysis

Within the impact approximation, the absorption coef
cientk~n! describing the overlapping of spectral lines can
written as16
8/108(2)/392/10/$15.00 © 1998 American Institute of Physics
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393Boyd et al.: Inversion of absorption data. I
k~n!5
n

p
Tm~d–G21

–r–d!, ~1!

wheren is the frequency,n is the molecular density,d is a
vector of transition amplitudes,r is a diagonal matrix com-
posed of population differences, andG is a complex matrix
defined as

G5nI2v02 iPW, ~2!

with I representing the identity matrix,v0 a diagonal matrix
of transition frequencies,P the pressure, andW the relax-
ation matrix. The real, diagonal elements of theW matrix are
the broadening coefficientsg I , and the imaginary, diagona
elements are the pressure shiftsDv I

0. In the limit that all of
the off-diagonal elements ofW tend toward zero,g I repre-
sents the width of the Lorentzian describing the line sha
and Dv I

0 the shift in the position of the line fromvII
0 . The

real, off-diagonal elements are related to the collision ra
GJK by the relationWJK52FGJK , whereF is an empirical
factor accounting for such mechanisms as dephasing
elastic reorientation.15 All of the rate laws currently in use
model onlyGJK , with g I often obtained using the sum rule1

A physical description of the imaginary, off-diagonal el
ments is obscure, and hence no scaling law-like mode
available, prompting most researchers to arbitrarily set al
the elements to zero.

The computation ofk~n! is simplified considerably by
defining the frequency-independentH matrix,

H5v01 iPW, ~3!

and diagonalizing it via a similarity transform to obtain th
eigenvaluesv i :

V5A21
–H–A, ~4!

whereVIJ5d IJv I . Since, for a givenn, G differs fromH by
a constant diagonal matrix,G is also diagonalized byA, and
Eq. ~1! can be written16 as

k~n!5
n

p
Tm(

J
S ~d–A!J~A21

–r–d!J

~n2vJ!
D . ~5!

From Eq.~1! it can be readily seen that adding a sm
variation toG ~i.e., dG! results in the addition of a respons
dk~n! to k~n! according to the relation

k~n!1dk~n!5
n

p
Tm~d–~G1dG!21

–r–d! . ~6!

In order to avoid the inversion of a sum of matrices, (G
1dG)21 can be expanded as

~G1dG!215@G~ I1G21 dG!#21

5~ I1G21 dG!21G21

5~ I2G21 dG1••• !G21

5G212G21 dG G211••• . ~7!

Also, from Eq.~2!, it can be seen thatdG52 iP dW; hence

~G1dG!215G211 iPG21 dW G211••• . ~8!
J. Chem. Phys., Vol. 108,
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Substituting the result of Eq.~8! into Eq. ~6!, keeping first-
order terms only, and subtracting Eq.~1! yields the follow-
ing:

dk~n!5
nP

p
Re~d–G21 dW G21

–r–d!. ~9!

In order to simplify the computation, the vectorsQ andR are
introduced:

QJ~n!5(
I

S ~d–A! IAIJ
21

~n2v I !
D ; ~10a!

RK~n!5(
L

S AKL~A21
–r–d!L

~n2vL! D . ~10b!

Equation~9! now become

dk~n!5
nP

p
Re(

J
(
K

@QJ~n!RK~n!dWJK#. ~11!

Separating the real and imaginary parts of the following
dW5dW81 i dW9, Q(n)5Q8(n)1 iQ9(n), and R(n)
5R8(n)1 iR9(n), expressions can be written for the re
sensitivity matricesK 8(n) and K 9(n), collectively denoted
asK :

K JK8 ~n![
]k~n!

]WJK8
5

nP

p
@QJ8~n!RK8 ~n!2QJ9~n!RK9 ~n!#;

~12a!

K JK9 ~n![
]k~n!

]WJK9

52
nP

p
@QJ8~n!RK9 ~n!1QJ9~n!RK8 ~n!#. ~12b!

Equation~11! may now be expressed as

dk~n!5(
J

(
K

@K JK8 ~n!dWJK8 1K JK9 ~n!dWJK9 #. ~13!

Direct inversion, or a least-squares fit, of the mat
equation to obtaindW is generally not possible, since em
pirically it is found that for alln the K (n) matrices are ill
conditioned. At any givenn, the K (n) matrices have some
diagonal matrix elements that are very small, and hence c
sical inversion schemes such as the Gauss–Siedel iter
method must also fail. However, Eq.~13! relates infinitesi-
mal changes ink~n! to those inWJK in a way that is analo-
gous to the discertized version of a Fredholm integral eq
tion of the general formda(x)5( i*ki(x,y)dbi(y)dy. An
iterative solution to an equation of this form has been p
sented in a recent paper,12 based on the inversion algorithm
of Ho and Rabitz,11 which draws on the Tikhonov regular
ization scheme. A method of inversion based on that al
rithm shall be developed in Sec. II B.

The line mixing theory presented thus far does not ta
into account Doppler broadening due to translational moti
Hence, it is necessary to convolvek~n! if it is to be compared
with an experimentally determined spectrum:6
No. 2, 8 January 1998
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394 Boyd et al.: Inversion of absorption data. I
k~n!→E D~n2n8,sDop!k~n8!dn8, ~14a!

where D(n2n8,sDop) is the appropriate Doppler distribu
tion function ~Gaussian, Voigt, Rautian, etc.!, and sdop

5v0(2kBT/Mc2)1/2, wherev0 is the band origin, is assume
to be constant over a relevant region of the spectrum. H
the parameters are the temperatureT, pressureP, and mass
M of the molecule. For purposes of inversion, the convo
tion of k~n! necessitates an identical convolution of bo
K (n) matrices:

K ~n!→E D~n2n8,sDop!K ~n8!dn8. ~14b!

In addition, if a comparison with laboratory data is to
made, bothk~n! andK (n) may have to be further convolved
e.g., with a Gaussian function of standard deviations res, to
account for the finite resolution of the measurement app
tus:

k~n!→
1

A2ps res
E k~n8!exp@2~n2n8!2/2s res

2 #dn8;

~15a!

K ~n!→
1

A2ps res
E K ~n8!exp@2~n2n8!2/2s res

2 #dn8.

~15b!

B. Method of inversion

The objective of the inversion algorithm presented h
is to obtain a relaxation matrixW, which, when used to
theoretically calculate a given absorption spectrum, rep
duces to within experimental error the spectrumk~n! ob-
tained from good laboratory sources. It is implicitly assum
that the transition frequenciesv0, transition amplitudesd,
and population differencesr can be obtained via a separa
method. The first step in the inversion scheme is to choo
reference relaxation matrixW0, such as can be obtaine
from one of the fitting laws. Next, Eqs.~5! and ~12! are
by

J. Chem. Phys., Vol. 108,
re

-
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solved to obtain an approximate spectrumk0(n) and its cor-
responding sensitivitiesK (n), which are then convolved ac
cording to Eqs.~14! and ~15!. It should be noted that, in
practice, all measurements ofk~n! will be discretek(nq),
measured atN frequencies fromn1 to nN , and that must be
compared with discretek0(nq), calculated at identical fre-
quencies. Since the magnitudes ofk(nq), often expressed in
arbitrary units, andk0(nq) will, in general, be different, it is
necessary to multiplyk0(nq) and the discreteK (nq) by an
appropriate normalization factorZ:

Z5
( p51

N k~np!

( p51
N k0~np!

. ~16!

According to the Tikhonov regularization procedure,
approximate solution to Eq.~13! can be obtained by mini-
mizing the following functionalF~a,dW!:

F~a,dW![ I S (
J

(
K

K JK8 ~nq!dWJK8 1K JK9 ~nq!dWJK9 D
2dk~nq!I 2

1aS (
J

(
K

idWJK8 i2

1idWJK9 i2D , ~17!

where zeroth-order regularization has been chosen,dk(nq)
5k(nq)2k0(nq), and the norms fordW8 anddW9 are un-
derstood in the Frobenius sense as a sum over the squa
each element. The regularization parametera may be opti-
mally determined by minimizing the differences betwe
k(nq) and a trial spectrumk trial(nq) calculated withW0

1dWtrial(a), i.e., by minimizing a functionalJ(a), noting
that dWtrial(a)u@J(a)5min#5dW. The form of J(a) may be
selected in such a manner that experimental errorse@k(nq)#
can be accounted for and random noise filtered out, e.g.
convolution with a Gaussian function of standard deviat
sfilt :
J~a!5
1

N (
p51

N S ~nN2n1!

NA2psfilt

(q51
N @k~nq!2k trial~nq!]exp@2~np2nq!2/2sfilt

2 #

e@k~np!#
D 2

. ~18!
ec-

sed
The solution of Eq.~17! in the least squares sense is given

dWJK5 (
p51

N
~dkuup!

lp
21a S (

q51

N

up~nq!K JK~nq!D , ~19!

where the inner product (dkuup) is given by

~dkuup!5 (
q51

N

dk~nq!up~nq!, ~20!
and lp
2 and up are the singular values and vectors, resp

tively, of the relevant Gram matrixM , defined as

Mmn[(
J

(
K

@K JK8 ~nm!K JK8 ~nn!1K JK9 ~nm!K JK9 ~nn!#.

~21!

OncedW has been calculated, it is added toW0 to ob-
tain a new, improved relaxation matrix. The sum is then u
No. 2, 8 January 1998
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395Boyd et al.: Inversion of absorption data. I
as the new reference relaxation matrix for the next iterati
Convergence is achieved whenk0(nq) agrees withk(nq) to
within experimental error.

III. A TEST OF THE INVERSION ALGORITHM

In order to test the algorithm described in the preced
section, it was thought prudent to first apply it to synthe
data where theW matrix is ‘‘known,’’ rather than proceed
directly to experimental data, where such factors as noise
the finite instrumental resolution, often imprecisely know
might obscure any deficiencies of the method. Only a
testing and refinement, if necessary, may it be applied w
some level of confidence to experimental data. Using a va
tion of the random-phase approximation,1 Romanini and Le-
hmann determined that the MEG scaling law gave the b
overall fit to their HCN R-branch data,15 with many of the
relevant parameters being obtained from a previous
branch study of HCN,8 where, e.g., the calculation of certa
parameters is less problematic than in the R branch.17 All
imaginary elements of theW matrix, including the diagona
elements, were arbitrarily set to zero.15 Synthetic data gener
ated from the MEG-lawW matrix for ~1! a low-pressure cas
of 28.4 Torr and~2! an intermediate-pressure case of 379
Torr, were chosen to test the algorithm. Doppler broaden
and related effects were simulated via a Rautian distribu
function @see Eq. ~14!#, and an instrument function o
s res50.04 cm21 was factored in@see Eq.~15!#. An inversion
seeking the recovery of both the real and imaginary elem
of W was also run atP528.4 Torr and an initial guessW0

50.5* WMEG to see how faithfullyW950 was recovered
Some relatively small nonzero elements did arise in the
recovered elements ofW9 that oscillated around zero. Th
results confirm the stability of the algorithm, and followin
Romanini and Lehmann, all imaginary elements ofW were
arbitrarily set to zero, and only the real part of theW matrix
was sought to be recovered in the inversions described
low.

It should be noted thatsfilt in Eq. ~18! was chosen such
that it would be suitable for the HCN R-branch experimen
data. Since there seemed to be relatively more noise far a
from the band head, and in order to preserve all the feat
close to the band head~i.e., towardnN!, sfilt was chosen to
be

sfilt~nq!5
0.555 cm21

n12nN10.1 cm21 ~nq2nN20.1 cm21!.

~22!

This function smoothed out the noise well, yet retained
bulk of the features of the spectrum. This form forsfilt was
used for all inversions reported in this work.

Sensitivities with respect to the diagonalW matrix ele-
ments are shown in Fig. 1 for a pressure of 28.4 Torr, and
additional sensitivity calculation, not displayed for brevit
was run for 379.9 Torr; both are pressures for which exp
mental data are available. At both pressures, the magnit
of K JJ8 (n) andK JJ9 (n) are comparable with each other, ind
cating the nearly equal importance of the broadening coe
J. Chem. Phys., Vol. 108,
.
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cients and the pressure shifts in determining the spectr
Although the trends are quite similar at either pressure,
magnitude of the sensitivities is much larger forP
5379.9 Torr, and the sensitivities possess a somewhat ri
structure at the higher pressure. This is consistent with
fact that pressure-broadening effects increase with increa
pressure. However, for purposes of inversion, this increa
sensitivity with increasing pressure is offset somewhat by
simultaneous diminishing of spectral features. For b
K JJ8 (n) and K JJ9 (n), a characteristic arclike feature appea
in the plots for either pressure, indicating that any given a
of the spectrum is sensitive to only a very small number
WJJ values. This is quite reasonable, since one would exp
those regions of the spectrum immediately surrounding
given line to be most sensitive to its respective phase-s
and pressure-broadening coefficients, as well as those im
diately surrounding them inJ, yet relatively insensitive to
phase shifts and pressure-broadening far removed inJ. The
arclike structure also falls off in magnitude beginning arou
J530, which is consistent with theJ540 cutoff in Eq.~5!
used by Romanini and Lehmann in their theoretic
computations.15 Plots ofK JK8 (n) andK JK9 (n) for JÞK, not
shown for brevity, also typically display arclike structure
and possess elements of significant magnitude only foJ
5K61, 2, or 3. For sensitivities with respect to the re
off-diagonalW matrix elements, this limited range of signifi
cantK JK8 (n) elements is consistent with use of the MEG la

At the lower pressure, it was determined that reasona
inversion results could be obtained if the initial guessW0

was within650% of the modelWMEG. The results forW0

FIG. 1. Sensitivities with respect toWJJ
MEG at 28.4 Torr, measured in arbi

trary ~though consistent! units: ~a! K JJ8 (n) and ~b! K JJ9 (n).
No. 2, 8 January 1998
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396 Boyd et al.: Inversion of absorption data. I
50.9* WMEG, a moderately good guess, are shown in Figs
and 3. The recovered matrixWrec is in good overall agree
ment with WMEG @Fig. 2~a!#, and, in particular,WJJ

rec is in
excellent agreement with the model forJ<16 @see Fig. 2~b!#.

FIG. 2. The real part of theW matrix showing the inversion results from
data obtained via simulation for 28.4 Torr andW050.9* WMEG: ~a! WMEG

~solid! and Wrec ~dashed!; ~b! WJJ
MEG ~solid!, WJJ

0 ~dashed!, andWJJ
rec ~1!.

All W matrix elements are in cm21/atm.

FIG. 3. The recovered and measured spectrum from the inversions u
data obtained via simulation for 28.4 Torr andW050.9* WMEG: kMEG(n)
~solid!, k0(n) ~heavy dashed!, andk rec(n) ~light dashed; coincides with the
solid line!. All k~n! are measured in arbitrary units.
J. Chem. Phys., Vol. 108,
2

The lower values ofJ are most important for line mixing
especially at low pressures. As shown in Fig. 3, the spect
k rec(n) calculated fromWrec is in superb agreement with th
model spectrumkMEG(n), even at the band head, and co
vergence was achieved within three iterations.~The full
range of the spectrum is not shown here for brevity; it add
nothing new to what is already shown in Fig. 3.!

The results forW050.5* WMEG, a quite poor estimate o
the line mixing, are given in Figs. 4 and 5; the fullW-matrix
plots were omitted for brevity. Although the inversion resu
are not quite as good as for the previous case, neverthe
very reasonable agreement between the most sensitive
ments of the recovered and modelW matrices is still ob-
tained, with excellent agreement betweenWJJ

rec andWJJ
MEG for

J<7 ~see Fig. 4!. Even though the diagonal elements forJ
.7 did not match the model well, there was still some ov
all improvement from the initial guess. Herek rec(n) agrees

ing

FIG. 4. Diagonal elements of the realW matrix showing the inversion
results from data obtained via simulation for 28.4 Torr andW0

50.5* WMEG: WJJ
MEG ~solid!, WJJ

0 ~dashed!, and WJJ
rec ~1!. All W matrix

elements are in cm21/atm.

FIG. 5. The recovered and measured spectrum from the inversions u
data obtained via simulation for 28.4 Torr andW050.5* WMEG: kMEG(n)
~solid!, k0(n) ~heavy dashed!, andk rec(n) ~light dashed!. All k~n! are mea-
sured in arbitrary units.
No. 2, 8 January 1998
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397Boyd et al.: Inversion of absorption data. I
well with kMEG(n), especially considering how poorly th
initial guess predicts the spectrum, with some minor discr
ancy at the band head lingering~see Fig. 5!. Convergence
was again achieved within three iterations.

At the higher pressure, it was found that good invers
results could be achieved ifW0 was within 620% of the
model. The inversion results forW050.8* WMEG are pre-
sented in Figs. 6 and 7, and, once again, show quite g
overall agreement betweenWrec and WMEG. The diagonal
elements are recovered well forJ,10 and show some im
provement for 10<J,16, but no significant improvemen
for J>16, suggesting a somewhat smaller effective region
significance than predicted by the sensitivity analysis alo
This can be understood by considering the fact that, at hig
pressures, the diminishing features of the spectrum, in g
eral, reduce the overall information content of the data a
heighten the nonuniqueness of the inversion problem. T
improvement toward the correctW matrix is reassuring.
Very good overall agreement betweenk rec(n) andkMEG(n)
is achieved, with some small discrepancies toward the b
head~see Fig. 7!. The inversion algorithm converged withi
five iterations. It should be noted that the general insens
ity of a spectrum predicted by the MEG law to off-diagon
elements was demonstrated by the fact that, apart f
WJ,J618 , very few elements recovered for any of the inve
sions reported above rigorously obeyed the detailed bala
law, WJK8 5(rK /rJ)WKJ8 .

IV. APPLICATION TO EXPERIMENTAL DATA

Although the structure of the absorption spectrum
richer at lower pressures, two factors make the use of v
low-pressure data unattractive. The accuracy of the rec
ered W matrix is inherently limited by the validity of the
Doppler spectral distribution model used in Eq.~14! as well
as by how well the resolution of the measurements is kno
@i.e., the instrument function in Eq.~15!#. For the former
consideration, collisional~Dicke! narrowing of the~Gauss-

FIG. 6. Diagonal elements of the realW matrix showing the inversion
results from data obtained via simulation for 379.9 Torr andW0

50.8* WMEG: See Fig. 4 for fonts. AllW matrix elements are in cm21/atm.
J. Chem. Phys., Vol. 108,
-
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ian! Doppler distribution is often modeled by a Voigt, unco
related Rautian~hard collision!, as was chosen for this work
or Galatry~soft collision! profile, all of which neglect asym-
metries. It is possible to account for asymmetries
modifying the Rautian or Galatry profiles to account for pa
tial correlations between velocity- and state-chang
collisions.18 However, at this point, it seems unclear as
which model works best when, and, indeed, if all mech
nisms for broadening not accounted for in the line-sha
formalism of Eqs.~1!–~13! have been exhausted.18 For the
latter situation, while it is generally accepted that the f
quency spread of the dye laser used to scan the spectru
more or less Gaussian, the width of that Gaussian may no
precisely known, and may even possess a slight freque
dependence. The estimation ofs res is 0.04 cm21650% for
the HCN R-branch data used here. Both of these factors
come less significant with increasing pressure, and byP
5200 Torr, for example, the imprecision in the knowled
of the instrumental resolution is effectively irrelevant. How
ever, the diminishing of distinctive spectral features with
creasing pressure, decreasing the information content of
data, means a compromise must be sought for purpose
inversion. Fortunately, even the spectrum measured at
highest pressure reported by Romanini and LehmannP
5724.8 Torr) still contains a good deal of structure. A
though inversions were performed at several pressures
tween P5200 andP5724.8 Torr for which experimenta
data are available, only the results forP5379.9 andP
5724.8 Torr are reported below for the sake of brevi
These two inversions typify what was found at the oth
pressures.

The inversion results forP5379.9 Torr, starting with
W805WMEG, W9050, are presented in Figs. 8–10. The r
covered spectrumk rec(n) is in excellent agreement with th
experimental spectrumkexp(n) @see Fig. 8~a!#, fitting the
spectrum well within experimental error. For compariso
the MEG law prediction is shown in Fig. 8~b!. The spectrum
at this pressure represents the best prediction given byWMEG

FIG. 7. The recovered and measured spectrum from the inversions u
data obtained via simulation for 379.9 Torr andW050.8* WMEG: See Fig. 5
for fonts. All k~n! are measured in arbitrary units.
No. 2, 8 January 1998
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398 Boyd et al.: Inversion of absorption data. I
for the HCN R branch.15 While fitting kexp(n) moderately
well, kMEG(n) is particularly inadequate close to the ba
head. The relative size and shapes of the peaks are desc
much better byk rec(n). Here W8rec possesses off-diagona
elements typically of somewhat greater magnitude th
W8MEG @see Fig. 9~a!#. Although the recovered real, diagon
elements are in general agreement with the MEG law foJ
.10,W8JJ

rec are somewhat larger thanWJJ8
MEG for J<10. The

inversion results for the imaginary part of theW matrix are
given in Fig. 10. Although generally small in magnitud
they are interesting in that they represent the first kno
determination of the off-diagonal imaginary elements.19 The
inversion algorithm converged within three iterations.

Inversion results forP5724.8 Torr are presented i
Figs. 11–13. At this pressure, results for two initial guess
~1! W805WMEG; W9050, and~2! W05Wrec from the pre-
vious inversion atP5379.9 Torr, which shall henceforth b
referred to asW380, are given. Both inversions yielded ver
consistent results, and bothk rec(n) agree well with each
other and withkexp(n), fitting the data well within experi-
mental error@see Fig. 11~a!#. The spectra predicted from

FIG. 8. The recovered and measured spectrum from the inversions u
experimental data measured at 379.9 Torr:~a! k rec(n) ~solid! and kexp(n)
~dashed!; ~b! kMEG(n) ~solid! andkexp(n) ~dashed!. All k~n! measured are in
arbitrary units.
J. Chem. Phys., Vol. 108,
bed

n

n

s,

WMEG andW380 are shown in Figs. 11~b! and 11~c!, respec-
tively, along withkexp(n). Both models predictkexp(n) only
moderately well, althoughW380 does seem to describe th
shapes of the peaks in the troublesome band head re
somewhat better thanWMEG. However, ideally,W380 should
have predicted the spectrum at this higher pressure m
better than it did. Reasons for this failure to predictk~n!
better include~1! the fact that only some of the elements
W are recovered to any degree of precision at a given p
sure; that is, only the elements to which the data are sign
cantly sensitive are improved upon over the initial gue
Other elements may not show any significant improveme
or may even diverge from their ‘‘true’’ value due to low
sensitivity upon the data. At a different pressure, these
ments may play a significant role in determining the sp
trum. From the sensitivity analysis, these remarks seem t
especially true for the off-diagonal elements.~2! Possible
inaccuracies inP,T, d or possibly evenr, for which theWrec

matrix would attempt to compensate in order to better fit
data. When the pressure is changed, such aW matrix would
not be expected to predict the spectrum well.~3! Of the same
nature as~2!, any discrepancy in the transition frequenciesv0

would be compensated for and added to the pressure s
contained inWJJ9 @from Eq. ~2!, dG52dv02 iP dW; the
conditiondv0[0 must be satisfied in order for Eqs.~8!–~13!

ing

FIG. 9. The real part of theW matrix showing the inversion results usin
experimental data measured at 379.9 Torr:WMEG ~solid! and W8rec

~dashed!; ~a! full matrix and ~b! diagonal elements. AllW matrix elements
are in cm21/atm.
No. 2, 8 January 1998
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399Boyd et al.: Inversion of absorption data. I
to be strictly valid#, resulting in an erroneous pressur
dependent component of the recoveredWJJ9 . Or ~4!, a pos-
sible overfitting of the data so that the recoveredW matrix
reproduces the noise plus the spectrum instead of sim
describing the underlying spectral pattern, resulting in a p
extrapolation to other pressures.

As with the inversion reported above,W8rec, starting
from W05WMEG, possesses larger off-diagonal eleme
than W8MEG. Only very small differences exist betwee
W8rec, starting fromW805W8380, andW8380 itself @see Fig.
12~a!#. These slight corrections apparently yield the sign
cant improvements seen ink rec ~Fig. 11!, and tend to suppor
reason~1!, above, as to whyW380 does not better predict th
spectrum atP5724.8 Torr. The real, diagonal elemen
WJJ8

rec agree well with each other for either choice ofW0,
and show, as forP5379.9 Torr, somewhat larger values f
J,10 ~however, with a few larger than the correspondi
elements ofWJJ8

380!, as well as slightly smaller elements fo
J.10 @Fig. 12~b!#. The recovered imaginary element
shown in Fig. 13, while again small in magnitude, agree w
with each other in shape, if not exactly in magnitude. T
fact is quite reassuring, in that in seems that physically
evant elements are being recovered, considering one wa
covered starting withW9050 and the other withW90

5W9380. It should be noted thatW9380 possesses a some
what different shape thanW9rec; possible reasons for thi

FIG. 10. The imaginary part of theW matrix showing the inversion result
using experimental data measured at 379.9 Torr:~a! W9rec; ~b! WJJ9

050
~solid! andWJJ9

rec ~dashed!. All W matrix elements are in cm21/atm.
J. Chem. Phys., Vol. 108,
ly
r

s

-

ll
s
l-
re-
discrepancy were given in reason~3!, above. For either
choice of W0, the algorithm converged within three itera
tions.

For the inversions reported above, the fact that onl
few of the off-diagonal elements ofW are recovered to high

FIG. 11. The recovered and measured spectrum from the inversions u
experimental data measured at 724.8 Torr:~a! k rec(n) from W05WMEG

~solid!, k rec(n) from W05W380 ~heavy dashed!, andkexp(n) ~light dashed!;
~b! kMEG(n) ~solid! and kexp(n) ~dashed!; ~c! k380(n) ~solid! and kexp(n)
~dashed!. All k~n! are measured in arbitrary units.
No. 2, 8 January 1998
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400 Boyd et al.: Inversion of absorption data. I
precision was demonstrated by the fact that manyWJ,J618rec

obeyed detailed balance within 1% or better, a few
WJ,J628rec , and fewer still forWJ,J638rec . The specific recovered
elements for which a detailed balance held were differen
different pressures. Although this test provides an indica
as to which elements ofWJ,KÞJ8 are recovered to high prec
sion, a reformulation of the algorithm to explicitly requir
the recoveredW matrices to satisfy a detailed balance m
improve the overall results. This was not reported here
brevity, since it was deemed useful to first test the algorit
without imposing a detailed balance to see how well
recovered, off-diagonal elements ofW8 naturally obeyed the
law. It shall be reported in a subsequent paper.

V. CONCLUSIONS

In this paper it has been shown that, at a given temp
ture and pressure, absorption spectral data can be use
recover with precision thoseW matrix elements to which the
data are sensitive. This method represents the first kn
technique to determine the imaginary, off-diagonal eleme
of the W matrix.19 In the case study performed here,W
matrices for the 106←000 overtone transition of HCN wer
obtained that described the observed spectra significa
better than those based upon the population transfer
laws, such as ECS or MEG. The somewhat limited succ

FIG. 12. The real part of theW matrix showing the inversion results usin
experimental data measured at 724.8 Torr:~a! W8380 ~solid! and W8rec

~dashed!; ~b! WJJ
MEG ~solid!, WJJ8

rec from W05WMEG ~light dashed!, and
WJJ8

rec from W05W380 ~heavy dashed!.
J. Chem. Phys., Vol. 108,
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of the recoveredW matrices at the extrapolation to othe
pressures can be accounted for, at least in part, in tha
different pressures, the spectrum is sensitive to different
ements of theW matrix to which it was not at the previou
pressure~and hence these elements were not recovere
any degree of precision!. The inversion algorithm, base
upon the Tikhonov regularization scheme, usually conver
quickly, within three to five iterations.

The calculation of more accurateW matrix elements
gives rise to the possibilities of~1! additional inversion to
obtain cross sections and even possibly the underlying in
molecular potential given data of sufficient quality; and~2!
investigating the empiricalF factor for off-diagonal ele-
ments, whose rigorous theoretical origin is somewhat a
biguous at this time.15 Further applications of the algorithm
to different systems seems in order.
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050 ~solid!, WJJ9
rec

from W9050 ~light dashed!, andWJJ9
rec from W05W380 ~heavy dashed!.
No. 2, 8 January 1998



em

s.
d

J.

.

ich,

401Boyd et al.: Inversion of absorption data. I
lishers, Netherlands, 1992!, p. 257, and references therein.
2P. W. Anderson, Phys. Rev.76, 647 ~1949!; 86, 809 ~1952!.
3M. Baranger, Phys. Rev.111, 481, 494~1958!; 112, 855 ~1958!.
4A. C. Kolb and H. Griem, Phys. Rev.111, 514 ~1958!.
5U. Fano, Phys. Rev.131, 259 ~1963!.
6R. Zwanzig, J. Chem. Phys.33, 1338~1960!; Phys. Rev.124, 983~1961!.
7See, for example, A. Ben-Reuven, Adv. Chem. Phys.33, 235 ~1975!.
8A. S. Pine and J. P. Looney, J. Chem. Phys.96, 1704~1992!, and refer-
ences therein.

9A. DePristo, S. D. Augustin, R. Ramaswamy, and H. Rabitz, J. Ch
Phys.71, 850 ~1979!.

10M. L. Koszykowski, L. A. Rahn, R. E. Palmer, and M. E. Coltrin, J. Phy
Chem.91, 41 ~1987!; L. A. Rahn, R. E. Palmer, M. L. Koszykowski, an
D. A. Greenhalgh, Chem. Phys. Lett.133, 513 ~1987!.

11T.-S. Ho and H. Rabitz, J. Chem. Phys.89, 5614~1988!; 90, 1519~1989!;
91, 7590~1989!; J. Phys. Chem.97, 13 447~1993!.
J. Chem. Phys., Vol. 108,
.

12R. Boyd, T.-S. Ho, H. Rabitz, D. A. Padmavathi, and M. K. Mishra,
Chem. Phys.101, 2023~1994!; R. Boyd, T.-S. Ho, H. Rabitz,ibid. 103,
4052 ~1995!; 106, 6548~1997!.

13T.-S. Ho and H. Rabitz, J. Chem. Phys.94, 2305~1991!; 96, 7092~1992!.
14H. Heo, T.-S. Ho, K. K. Lehmann, and H. Rabitz, J. Chem. Phys.97, 852

~1992!; T. S. Ho, H. Rabitz, S. E. Choi, and M. I. Lester,ibid. 102, 2282
~1995!.

15D. Romanini and K. K. Lehmann, J. Chem. Phys.105, 81 ~1996!.
16See, for example, L. Larrabee Strow and A. S. Pine, J. Chem. Phys89,

1427 ~1988!, and references therein.
17S. Temkin, L. Bonamy, J. Bonamy, and D. Robert, Phys. Rev. A47, 1543

~1993!.
18A. S. Pine, J. Chem. Phys.101, 3444~1994!.
19See, for example, L. Ozanne, N. Van-Thanh, C. Brodbeck, J. P. Bouan

J. M. Hartmann, and C. Boulet, J. Chem. Phys.102, 7306~1995!.
No. 2, 8 January 1998


