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This article investigates the synaptic weight distribution of a self-
supervised, sparse, and randomly connected recurrent network inspired
by hippocampal region CA3. This network solves nontrivial sequence
prediction problems by creating, on a neuron-by-neuron basis, special
patterns of cell firing called local context units. These specialized patterns
of cell firing—possibly an analog of hippocampal place cells—allow accu-
rate prediction of the statistical distribution of synaptic weights, and this
distribution is not at all gaussian. Aside from the majority of synapses
that are, at least functionally, lost due to synaptic depression, the distri-
bution is approximately uniform. Unexpectedly, this result is relatively
independent of the input environment, and the uniform distribution of
synaptic weights canbe approximately parameterized based solely on the
average activity level. Next, the results are generalized to other cell firing
types (frequency codes and stochastic firing) and place cell-like firing dis-
tributions. Finally, we note that our predictions concerning the synaptic
strength distribution can be extended to the distribution of correlated cell
firings. Recent published neurophysiological results are consistent with
this extension.

1 Introduction

The hippocampus is arguably involved with sequence prediction and the
learning of context (Blum & Abbott, 1996; Levy, 1989; Hirsh, 1974; Nadel
& Willner, 1980; Kesner & Hardy, 1983; Gray, 1982). Thus we have been
studying self-organizing models of context-dependent sequence prediction
using a simplified anatomy and physiology inspired by the biology of the
hippocampus, particularly region CA3.

Such networks can learn to perform psychologically inspired paradigms
believed to belong in the province of hippocampal functions (for a summary,

Neural Computation 10, 25-57 (1998) © 1997 Massachusetts Institute of Technology



26 Asohan Amarasingham and William B. Levy

see Levy, 1996). These paradigms include context-dependent problems such
as disambiguation, in which two different input sequences share a common
subsequence (Minai, Barrows, & Levy, 1994); goal finding without search
(Levy, Wu, & Baxter, 1995; Levy, 1996); certain nonlinear problems such
as transverse patterning (Levy, Wu, & Tyrcha, 1996; Wu, Tyrcha, & Levy,
1996b); as well as simpler problems such as transitive inference (Levy &
Wu, 1997).

The coding, that is, cell firing patterns, that our network develops to rep-
resent sequential information is interesting. Special firing patterns identify
specific, temporally contiguous subsequences within the overall sequence
being learned. That is, the neurons in this model, particularly the (feedback)
neurons that receive no input from the external layer sequence, learn to fire
exclusively within specific temporal bounds of the sequence; we refer to
these neurons as local context units. These local context units are hypoth-
esized to be an analog of hippocampal place cells (Wu, Baxter, & Levy,
1996a) because place cells fire briefly as a rat walks through a place field
(O’Keefe & Nadel, 1978). Moreover, these firing patterns fit the generic de-
scription of synfire chains suggested by Abeles (1991) and others, with tem-
porally adjacent local context units serving as the synfire links in Abeles’s
definition.

Compared to topographically organized models of sensory cortices, our
hippocampal model has random recurrent connections so that it is largely
structureless. However, with learning (i.e., local, online, associative synap-
tic modification), some structure may appear in the distribution of synaptic
weights, and this structure might well reflect the structure of the input en-
vironment. Because the modification of synaptic strengths is arguably the
fundamental basis of learning, understanding how the statistical structure
of the input environment is impressed onto the synaptic weight matrix is
a critical preparatory step for understanding how a network’s dynamics
are altered as a result of interaction with the environment. Here we pursue
these ideas and look for such structure by developing the interrelation-
ship between local context unit lifetime and the steady-state statistics of the
synaptic weights. The analysis leads to three unanticipated results:

1. The distribution of nonzero synaptic strengths does not converge to
a Gaussian distribution but rather is essentially uniform in distribu-
tion.

2. A large majority of synapses is driven to zero strength.

3. The fraction of synapses driven to zero (and therefore the uniform
distribution also) can be approximately predicted by activity levels
alone. This means that the probability distribution of synaptic weights
can be well approximated without specific knowledge of the input
environment so long as local context codes form, or, equivalently, a
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noise-free input environment does not leave its impression on the
weight distribution beyond its effect on activity levels alone.

2 Model and Methods

2.1 Computational Architecture. Our CA3 model has been described
several times (Levy & Wu, 1996; Wu et al., 1996a).

The networks consist of an input layer (corresponding to layer II of the
entorhinal cortex combined with the dentate gyrus) and a sparsely con-
nected feedback layer (CA3-like). To simplify things, single axons, X, from
the input layer always fire a CA3neuron. The recurrentlayer consists of 1024
binary {0,1} primary neurons with identical firing thresholds, 6. The neurons
are interconnected via a Bernoulli process: each neuron j has a probability
(c = 0.10) of receiving a modifiable excitatory connection from each neuron
i in the recurrent layer. The presence of such a connection is indicated by
the binary {0,1} variable c;. Inhibition is mediated by a single interneuron
that receives input from all the primary neurons in the recurrent layer; this
interneuron then provides an identical shunting conductance proportional
to its input to all primary neurons. At time ¢, taking wjj (#) as the excitatory
weight from neuron i to neuron j, K; as the fixed inhibitory weight from the
input layer, and K as the fixed weight for feedback inhibition, the excitation
y; of neuron j is:

SN cijwizi(t — 1)
Zf\il cijwiizi(t — 1) + K Z T1zit—1) + K Zl 1 ()

y] = (2.1)

where N is the number of neurons (1024) in the model. The output of CA3
neuron j is zj(t) = {1if yj(t) > 0 or xj(t) = 1,0 otherwise}. Note that an active
external input, xj, always produces a firing, while neurons with no active
external input are not forced to the zero state and could be fired through
feedback connections.

2.2 The Learning Rule. A Hebbian-type postsynaptic associative mod-
ification rule is used in our simulations and analysis (Levy & Steward, 1979,
1983; Levy, 1982). For input / and output j, this postsynaptic rule is given by

wii(t) = wii(t — 1) + ez (O[zi(t — 1) —w;(t — 1], 22)
where wij is the weight of the synapse connecting neuron 7 to neuron j. Here
€ = 0.01. A similar rule is used in other models (McClelland & Goddard,
1996; Treves & Rolls, 1994; Grossberg, 1982).

2.3 Input Sequences and Learning. Our approach has been to combine
our minimal model of CA3 with a working assumption that the hippocam-
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pus receives sequential sensory information—in analogy to the sequential
sensory and motor input received by a rat exploring an environment. A
critical assumption here has been that this external input is sparse (Levy,
1989; Treves & Rolls, 1992, 1994); many more CA3 neurons receive input
from CA3 feedback than from external sources. That is, a large number of
the neurons in our model do not receive any external input and fire solely
as a result of feedback input.

The nature of the temporal dependencies in the external input remains
an unresolved issue. For example, it seems likely that sensory stimuli do not
disappear immediately but are maintained over several time steps. Never-
theless, in order to ensure accuracy on this issue, we study a wide variety of
input sequences. Interestingly, varying this aspect of the input environment
turns out to have minimal impact on our results.

Nine different types of input sequences were used in the simulations.
Each external input pattern contained eight on-bits out of the 1024 neurons.
For eight of the sequences, there was a constant shift of k bit(s) per unit of
time (k = 1,2, 3, 4, 5, 6, 7, or 8) from one pattern to the next, producing a
successive overlap length of 8 — k for the input patterns. In the ninth input
sequence, the overlap length of external patterns varied from one time step
to the next over the range 0 to 7 so that the expected overlap is 3.5; this input
sequence was included to demonstrate that these results do not depend on
the shift rate being constant. Figure 1A illustrates such an input sequence.

The results of the simulations described here are for networks running
near their sequence length memory capacity. Sequence length capacity (C)
was reached by running simulations of different sequence lengths via a
titration-like procedure. As noted previously (Levy & Wu, 1996), the capac-
ity is simply related to average activity, 4, and average local context lifetime,
E[€] as

c-H4 23)
a

where E[£] is the duration of firing (in time steps) for a local context unit,
averaged over all local context units in the network.

Training consisted of presenting the input sequence to the network 350
times for the random overlap sequence and 300 times for all the other se-
quences. Testing consisted of randomizing network activity, giving the first
pattern of the learned sequence and then allowing the network to run on its
own. The network’s states are decoded by comparing its states at the end of
training to the states during testing (Levy et al., 1995; Wu et al., 1996a; Levy
& Wu, 1996). A sequence is learned if the network produces a minimum
of 75% ordered recall of the recoded sequence during testing. We enforced
robustness by also requiring that this definition be satisfied for at least four
out of five randomly constructed networks with identical parameters. The
reported data are averages of five successful simulations.
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Neurons 1-170 (Neurons 171-1024 not shown)
Neurons 1-170 (Neurons 171-1024 not shown)

TFn.e TFn.e
(A) Input Code (B) Driven CA3 activities
before learning

Figure 1: Typical input (A) and firing patterns (B) from a simulation of 1024
neurons before learning (only neurons 1-170 are shown). The input type is a
random overlap input sequence. Large dots indicate firing (i.e., z;(t) = 1); small
dots indicate no firing (z;(#) = 0). (A) The external input code for a random
overlap input sequence described in section 2. In this example, the step-to-step
input overlap uniformly varies between 0 and 7. (B) Network activities when
the external input sequence is presented, before learning. Notice the contrast
between the firing patterns before learning, here, and the firing patterns after
learning, in Figure 2A.
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For the calculations used later, a small correction is made for the un-
used neurons that do not fire in the network’s final coding. The presence of
unused neurons in a steady-state coding modifies the synaptic weight pre-
diction. We discarded these unused neurons (and therefore their synapses).
Discarding unused neurons seems biologically valid (for references, see
Voydovic, 1996).

3 Results

The results show that the network’s steady-state synaptic weight distribu-
tion essentially depends on the distribution of local context lifetimes and
the length of the input sequence. We quantify this dependence by mak-
ing certain basic assumptions about the statistical properties of the model’s
context neurons and then confirm the suitability of these assumptions with
simulations.

3.1 Properties of the Coding Scheme—Local Context Units. Figure 2A
illustrates the recoding of the external input sequence (see Figure 1A), that
the network created. Critical to the network’s problem-solving abilities are
the neurons that recognize a subsequence of the full sequence. We call these
neurons Jocal context units, and we hypothesize that they are analogous to
hippocampal place cells (Levy et al., 1995). Specifically, neuron i is a local
context unit if and only if there exist points in time, ¢; (context unit start
point) and B; (context unit end point), such that z;(t) = 1if o; < t < f;, and
zi(t) = 0 otherwise. Consequently, we characterize the temporal length, or
lifetime 4;, of a local context unit i as §; — o; + 1, the number of time steps
at which neuron i fires.

We know that local context units are crucial because we have found archi-
tectural and environmental conditions that preclude context unit formation
(including high noise levels, orthogonal input sequences, and modifications
in the parameters determining activity). These conditions destroy problem-
solving ability just as they destroy the local context units (Wu et al., 1996a)
in the context-dependent problems mentioned in Section 1. Because the net-
work does not perform well under such conditions and also because context
units are analogous to hippocampal place cells, which we know to exist, we
have chosen to focus on situations in which context units do form. All of
the theoretical assumptions are summarized in Table 1.

For the purposes of the theory developed here, we will assume that local
context units are uniformly distributed over the sequence length; that is, the
distributions of the ¢;’s and p;’s are not overly concentrated in one region of
the sequence as opposed to another. Finally, we assume that the network’s
coding converges (stochastically) if the activity converges (stochastically).
That is, eventually the neural firing patterns reach a steady state.
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Neurons 1-170 (Neurons 171-1024 not shown)
Neurons 1-170 (Neurons 171-1024 not shown)

TFn.e TFn.e
(A) Driven CA3 activities (B) Single probe CA3
after learning activities during testing

Figure 2: Typical firing patterns from a simulation of 1024 neurons after learning
(only neurons 1-170 are shown). This is a continuation of the same simulation
as in Figure 1. (A) Network activities when the external input sequence is pre-
sented, after learning. Notice how different the firing patterns are from Figure
1B, before learning. (B) Network activities during sequence completion testing;
only the first pattern of the external input sequence is given as a probe. Notice
the similarity of the firing patterns to those in Figure 2A.
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Table 1: Assumptions and Approximations Used to Develop the Theoretical
Arguments.

Assumptions

All neurons fire as local context units. (Section 3.3.1)
Convergence of the synaptic modification rule. (Section 3.3.2)

Approximations

Local context units are independent of connectivity. (Section 3.3.3)

Local context unit starting points are uniformly distributed over the sequence length.
(Section 3.3.4)

End effects are negligible. (Section 3.3.5)

3.2 Relating Local Context Units and Synaptic Weights.

3.2.1 Weight modification and neuronal firing. As a consequence of the
Hebbian-type associative synaptic modification rule (equation 2.2), synaptic
weights reflect the temporal correlation between neuronal firing patterns.
The more synchronous the firing activity between two neurons sharing a
synapse, the greater the strength of that synapse. (This synchrony is actually
displaced one time step due to the one-time-step delay in the learning rule.
However, for simplicity, we will use the term synchrony forthwith, while
actually meaning synchrony displaced one time step.)

Because we are assuming that neural firing patterns reach a steady state,
we can consider z;(t —1) and zj(t) as stationary, though not necessarily inde-
pendent, random variables influencing a given synaptic weight wij, via the
associative modification rule (see equation 2.2). Since z(t) is {0,1} valued,
modification occurs only when the postsynaptic neuron is active, and thus
the synaptic weight becomes a running average of the conditional proba-
bility distribution P(z;(t — 1) |z;(t) — 1). Summing the weight modification
rule recursively for this conditional case and averaging the sum as t — oo
gives us the convergence value of the synaptic weight:

. P(Z]‘(t) =1,z(t-1)=1)
Y= Piz(D = 1)

(3.1)

Therefore, assuming a steady state is reached, the steady-state synaptic
strength is equivalent to the ratio of the number of time steps when the
pre- (i) and postsynaptic (j) neurons are synchronously active to the num-
ber of time steps when the postsynaptic neuron is active. Cast in terms of
probability, this gives:

(3.2)

P(wjj = m) = P(P(Zj(t) =Lzt -1 =1) = m)

Pz = 1)
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The essence of our idea is to calculate the two probabilities in equation 3.5,
P(z(t) = 1,z;(t = 1) = 1) and P(z;(t) = 1), in terms of the temporal specifi-
cations (o, B) of the context units i and j and the basic assumptions outlined
in the previous section.

Generally the intuition is this: consider a presynaptic context unit with
fixed start point and end point, (¢, B;). For each possible position (aj, ﬂj) of
the postsynaptic context unit, the probabilities P(z;(t — 1), z;(t)) and P(z;(t))
are determined, and so, therefore, is their ratio (see equation 3.2). It follows
that P(wij =m) = Za’,ﬁ”%ﬁ/ P(wij =m| o, Bi, aj, ﬂ]‘)P(OLI‘, Bi, aj, ﬂ]) The
computational difficulties such a calculation involves are eased by making
several simplifying assumptions. In the end, we are able to produce a closed-
form solution to the conditional probability P(w;; = m | £;,4), and then
produce a numerical procedure for generating P(wlj). These ideas are made
more explicit in this and the following section.

The temporal correlation between pre- and postsynaptic firing patterns
amounts to the temporal overlap between pre- and postsynaptic context
units. This follows from the definition of a local context unit: z;(t) = 1if and
only if o; < t < B;. Thus the event {{z;(t) = 1} N {z;(t — 1) = 1}} is equivalent
to the event {{ey <t —1 < B} N{eg <t < B} }. Simplifying this to the
equivalent {max{a; + 1, o} <t <min{f; + 1, B}}, we define overlapij:

{ min{f; + 2, B + 1} — max{e; + 1, o4} (3.3)
0 .

overlap j = max

so that overlap i is 0 if this difference is less than zero. Thus overlap;; is the
number of time steps, ¢, that satisfies the event {{z;(t) = 1} N {z;(t —1) = 1}}.
Setting S as the sequence length (measured in time steps), it follows that

P(zj(t) =1,z(t-1)=1) = overlapij/S. (3.4)

The number of time steps satisfying {zj(t) = 1} follows from the definition
of a context unit j. Recalling the definition € = §; — o + 1,

P(z(H) = 1) = /5. (35)

Finally, combining equations 3.4 and 3.5 via 3.2, we have

overlap;;
P(u@:m):P(P(T) =m). (3.6)

3.2.2 Predicting the synaptic weight distribution from a context lifetime
distribution. The next step is to formulate the conditional probabilities
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P(overlapij | Ei,@). This is done by rewriting the definition of overlapij
(see equation 3.3) in terms of £,

overlapij = max{min{o; + & + 1, ¢j + 4} —max{a; + 1, o5}, 0}, (3.7)

and partitioning the context lifetime probability space into three cases:
4 =46,4 >4, and 4 < 4. Within these partitions, the conditional prob-
ability P(wij | Ei,@») can be simplified by making two assumptions: «a is
uniformly distributed, and ¢; and ¢; are independent for all connected pairs
i, j. In addition, to avoid considering start-up and end effects on the weight
distribution, we apply the approximation to the effect that the context units
are not close enough to the beginning or end of the sequence to affect the
overlap probabilities (Approximation 3; see Table 1).

The calculation is made explicit for Case I (¢ = ), and is summarized
for 4 + £ in the Appendix. The results are:

S—26—4+2

—~g1  *¥=0
x .
P (wij = Z IEL»,@») = #ﬁl ;0 <x <min{4, £} (3.8)
|6 —€1+1 .
5—4% , x = min{{;, 4}

The partitioned conditional probabilities described here completely de-
fine the conditional weight distribution, P(w;; | £, 4). Thus combining this
conditional distribution with the empirical context lifetime distribution,
P(#), derived from network simulations, yields the distribution P(wij = Xx).
Using

P(wjj = x) = Z Z Pw=x|4=y4=2Pl=y4=2), (3.9
y z

we then apply an additional assumption that presynaptic context length
and postsynaptic context length are independent:

P(wjj = x) = Z Z Pw=x|4=y,4=2PE=yPL=z). (3.10)
y oz

In this way we have the complete distribution of weights based on knowl-
edge of the distribution of local context unit lifetimes, P(£).

3.2.3 Simplifications and comparison of theory to simulations. 1f predictions
like those generated here have any hope of being tested in a biological ex-
periment, we must relax the requirement for knowledge of the distribution
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P(#). A simpler theoretical perspective arises by assuming that all local con-
text units are of the same length, E[€]. Thus it follows from equations 3.8
and 3.10:

S —3E[€] +2
P(w;j = 0) = S_E+1 (3.11a)
2
P(wl] = x/E[E]) = m, fOI' 0<x< E[E] (311b)
P( ~—1)—; (3.11c)
Ci= = S+ 1 Ale

The qualitative conclusions we might draw from equation 3.11a—c are
the same as those for equation 3.8. The zero-weight proportion (see equa-
tion 3.11a) would dominate in the biologically relevant case of low activity
because P(w;; = 0) 1 1 as E[£]/S — 0, and E[£]/S is a measure of neuronal
activity. For w;; > 0, the distribution will be uniform with the exception of
a disproportion at w;; = 1. Therefore, to further simplify the weight distri-
bution, we calculate the P(wij = 0) from equation 3.11a and then simply
project a uniform distribution for the remaining cases, wij > 0.

Figure 3 compares these predicted distributions to the average distribu-
tion obtained from empirical results for two input sequences. The prediction
of P(wij = 0) is remarkably good in these histograms and across all nine in-
put types. The uniform distribution of the simplified theory also does very
well except at P(wij = 1). Here the prediction is not accurate, with the
largest bin being underestimated by about 50%. The error here, in a situ-
ation in which local context units are perfectly correlated, stems from the
assumption that they are uncorrelated. Fortunately this assumption seems
to cause very little inaccuracy elsewhere.

The impression of accuracy conveyed by these histogram comparisons is
found for all nine input sequences (see Table 2, which quantifies the error in
these comparisons by measuring histogram bin differences between theory
and simulation).

3.2.4 Zero-Weight Approximations from Average Activity. For a network
running at sequential memory capacity, equations 3.11a and 2.3 imply a
relationship that is approximately

P(w;j =0) ~1—2a. (3.12)
The crudeness of this approximation depends on activity and capacity, with

accuracy increasing both as the network approaches capacity (as S 1 C) and
as activity decreases. In the case of the overlap four-input sequence, the 1 -2a
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Figure 3: Synaptic weight histograms comparing simulations and theoretical
predictions. The predicted weight distributions were derived by using equa-
tion 3.12 to predict P(w;; = 0) and projecting a uniform distribution across the
rest of the weight space. The weight space was divided into 15 bins: [0,1/15),
[1/15,2/15),[2/15,3/15),...,[13/15,14/15), [14/15,1]. In both A and B, the ab-
scissa is broken and the scale changes. (A) Empirical and theoretical weight
distributions after learning of the random overlap input sequence described
in Figure 1A. Distributions are averages over five runs. (B) Empirical and the-
oretical weight distributions after learning of an overlap four external input
sequence. Distributions are averages over five runs.
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Table 2: Prediction Errors, Organized in Terms of the Overlap of the External
Input Sequence.

Overlap Predicted from P(£), Equation (3.10) Predicted from E[£], Equation (3.11a)

Error Var (error) Error Var(error)
0 1.32e-2 6.22e-4 1.36e-2 5.32e-4
1 1.40e-2 6.49e-4 1.34e-2 6.50e-4
2 1.30e-2 4.89e-4 1.16e-2 5.67e-4
3 1.02e-2 1.84e-4 7.3e-3 1.96e-4
4 7.3e-3 6.09e-5 3.7e-3 4.42e-5
5 5.5e-3 5.49e-5 3.7e-3 4.38e-5
6 5.1e-3 6.22e-5 44e-3 491e-5
7 5.8e-3 8.04e-5 4.4e-3 6.67e-5
Random 1.34e-2 8.30e-5 8.5e-3 7.16e-5

Note: The weight space, [0,1], was divided into 15 bins, as in Figure 3. In each simulation,
the error associated with bin k was measured as the absolute value of the difference
between the predicted (fraction) P(w;; € bing) and the observed count (1 /N%c) Z I(wjj €

biny), where N2c is the number of synapses in the network. The reported error is the
average value of this error measure over all bins in five simulations of each input sequence.
Var(error) is the variance of the error measure over the same set.

approximation was within 1% of the prediction generated by equation 3.11a
and within 3% of the empirical value for all five simulations.

For sequences of length less than capacity (S < C), this approximation
can be corrected for the total fraction of used neurons, 1, via the correction
S = uE[€]/a. This gives

2a 242
Pwj=0~1-— -,
u ut —au
which can be approximated as
a
P(wij =0)~1-2—, (3.13)
u

for small values of the ratio a/u.

3.3 Validity of the Theoretical Assumptions. The central result of this
article concerns the distribution of synaptic weights and is best demon-
strated by the empirical results. The theory was developed in order to
examine the validity of this result within the broader context of sequence-
predicting neural models. A list of the assumptions used for its development
is provided in Table 1.

3.3.1 Assumption 1: Local context unit formation. Perhaps the most critical
assumption is that coding neurons behave as local context units; they all fire
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Table 3: Simulation Statistics.

Sequence Unused Multiple

Overlap Length Activity El£] Neurons® Firing®

0 20 0.051 1.01 144 155

1 24 0.048 1.21 153 105

2 33 0.049 1.59 112 121

3 47 0.064 3.07 64 45

4 57 0.061 3.60 59 15

5 90 0.055 5.11 45 15

6 110 0.050 5.85 63 6

7 160 0.054 9.49 113 15
Random 22 0.138 2.71 77 15

Note: The data points represent averages over five simulations per input
sequence.

?Defined as ﬁ Z it zi(t), when the external input sequence is presented, after
learning. E[£] is defined per the text.

P A count of the neurons that do not fire in the final coding.

A count of the neurons that do not satisfy the local context unit definition (i.e.,
fire at different, noncontiguous time points in the sequence) in the final coding.

exclusively within specific boundaries within the sequence. The empirical
results presented here certainly justify such an assumption (see Table 3,
particularly the statistics concerning multiple firing neurons), but we believe
that the formation of local context units is important in a broader sense,
particularly with regard to hippocampal function.

Experimental support for local context units comes from recordings of
place cells in the hippocampus of rats that have learned a spatial environ-
ment (O'Keefe & Nadel, 1978). Place cells fire when a rat traverses specific
spatial locations within the learned environment; that is, these cells fire
more or less exclusively within specific spatial boundaries. Moreover, be-
cause navigation over space is necessarily continuous with respect to time,
it follows that the sensory information provided during navigation is it-
self sequential, and thus these neurons are firing exclusively within specific
boundaries in a sequence. This firing pattern is precisely the definition of
a local context unit and suggests an important relationship between the
sequence-learning model presented here and experimental neuroscience.

A second justification for the relevance of local context units comes from
their functional importance: local context units form associative bridges
over time. If the computational challenge in sequence learning is to develop
appropriate synaptic interactions between neurons representing arbitrary
sequences of external stimuli, then a significant biological concern is that
such connections may not exist in the first place. This issue is avoided in
sequence-learning models, such as those of Griniasty, Tsodyks, and Amit
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(1993) and Amit, Brunel, and Tsodyks (1994), in which each neuron is as-
sumed to be connected to every other neuron. In the biologically relevant
context of sparse connectivity, however, connections between neurons rep-
resenting successive external patterns may not exist. By allowing recurrent
neurons (which are not originally associated with any external stimulus)
to play a role in encoding the sequence, however, this CA3 model demon-
strates how a more reasonable connectivity can form the required temporal-
to-spatial association, that is, by forming local context units.

The formation of local context units is also necessary for the model to
solve several interesting (i.e., context-dependent) sequence-prediction prob-
lems above and beyond simple sequential recall (as discussed in section 1;
for a review, see Levy, 1996).

3.3.2 Assumption 2: Convergence of the learning rule. The other impor-
tant assumption is that the associative weight converges. This implies that
synaptic weights take on a scaled correlation of presynaptic and postsy-
naptic firing, E[zj(t)z;(t — 1)]/E[z;(t)]. In the case of the binary neurons used
here, this correlation reduces to the conditional probability that the presy-
naptic neuron fires given that the postsynaptic neuron fires. In a recurrent
network, we can provide no guarantees; however, the success of the theory
in predicting the empirical weight distributions is perhaps fundamentally
a vindication that synaptic weights can take on these conditional probabili-
ties. Whether convergence is achieved is an important issue, because several
models (Griniasty et al., 1993; Amit et al., 1994; Bienenstock, 1995) have im-
plicitly assumed this sort of convergence by directly loading correlations
into the synaptic weights. Thus the success of this theory demonstrates a
biologically plausible learning rule that learns these correlations.

Finally, because place cells are stable (Thompson & Best, 1989), in analogy
to convergence, we have reason to believe that the assumption of conver-
gence is a reasonable biological assumption.

3.3.3 Approximation 1: Local context units are independent of connectivity.
This assumption is quite clearly an approximation, since, in an absolute
sense, it is not true. In reality, the fact that two neurons are connected does
influence the relative positions (starting points) of their local context units;
it increases the likelihood that they are temporal neighbors. Because local
context units are determined by two parameters, start point and lifetime,
we express this approximation mathematically by the statements P(c;, 0 |
cj = 1) = P(ey, o) and P(€;, & | c;j = 1) = P(&;,4). (When we generalize,
in section 3.4, to firing patterns that are parameterized by center u and
variance o2, rather than by starting point and lifetime, this assumption
becomes P(uj, uj | cjj = 1) = P(uj, pj) and P(c7, o7 | ¢j = 1) = P(of, 7).)
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3.3.4 Approximation 2: Local context unit starting points are uniformly dis-
tributed over the full sequence. This is a fairly simple approximation which
we expect to be essentially true for the constant-shift input sequences. How-
ever, the theoretical results hold quite well even when local context units
are not uniformly distributed, as indicated by the results in the case of the
random overlap input sequence. Thus, this does not appear to be a critical
assumption, and, in fact, it would not be difficult to extend the theory to
handle any alternative distribution, so long as the distribution is specified.

3.3.5 Approximation 3: End effects are negligible. Thisapproximationarose
out of the need to calculate the a;, o overlap distribution given only that
cij = 1 (the two neurons are connected) and using Approximations 1 and 2
only. This calculation takes a simpler form when the negligible effects im-
posed by the skewing of the distribution at the boundaries of the sequence
are ignored, so we assumed that the presynaptic local context unit was not
at a boundary of the sequence—specifically, that £; < o; < S — £ when we
calculated the overlap distribution.

The situation is analogous for the continuous-valued firing patterns, dis-
cussed in section 3.4. Here we place the center of a prototypical neuron’s
firing function at the center of the sequence and then calculate the probabil-
ity distribution of weights for the synapses that input to this prototypical
neuron. We then assume that all neurons have a similar distribution; that
is, we assume that end effects are negligible.

3.4 Alternative Cell Firing Models. It is natural to wonder whether
the results described so far are particular to the assumptions made about
cell firing—specifically, the assumptions of discrete time and determinis-
tic, binary output. In this section, we briefly illustrate the extension of our
analysis to other cell firing distributions and demonstrate that this variation
does not affect the essential result that the synaptic weight distribution is
not gaussian or even centrally peaked.

3.4.1 Continuous firing. The natural continuous-valued analog to dis-
crete local context unit firing patterns is a uniform firing function of the
form fi(t) = {1if o; < t < B;, 0 otherwise}, with ¢;, B;, and ¢ real valued.
Alternatively, a continuous-valued local context neuron could exhibit peak
firing at a specific time point (or “center”) in the sequence with a more
gradual decay in firing as the network state moves away from this center.

To study the difference between these two firing models (uniform and
decaying) in the continuous case, we can specify the firing function by using
clipped polynomial expressions of the form:

1-(E)* , pi—astzui+a

filh = { 0 , otherwise (3.14)
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While equation 3.14 is less familiar in the current context than more tradi-
tional gaussian firing models, it gives a more satisfying comparison between
uniform and decaying firing models. Rather than using starting points and
ending points to parameterize cell firing, each cell i is now characterized by
a center, u;, and a half-width scaling term, o;. Cells characterized by equa-
tion 3.14 reach peak firing rates at p;; firing decays over the length o; as the
network moves away from the center, and the general shape of this decay is
determined by (positive, integer-valued) k. In the limit as k approaches oo,
equation 3.14 becomes a uniform firing function with starting point u1; — o
and ending point y; + ¢;. Thus, we can easily contrast uniform versus de-
caying firing models by comparing the synaptic weight distribution for low
and high values of k. Figures 4a and 4b plots this firing function for various
values of k and o.

Picking up where we began in section 3.2.1, we can develop the synaptic
weight distribution for the case of these continuous-valued firing functions
using the same assumptions we used above (as enumerated in Table 1).
Again, convergence assumptions (Assumption 2 in Table 1) imply that the
synaptic weight w;; takes on the correlation E[j}(t)fi(t — 1)]/E[j}(t)] (for a
more precise justification in this continuous case, see Geman, 1979). For the
sake of brevity, we assume that ¢; = o is the same for each neuron (this is
essentially like the simplification technique we use in section 3.2.3, where
we assume that all context units have the same lifetime). As a result,

2k + 1
dko

is a constant, which we call r. With o fixed, then, we are interested in how the
correlation rE[ j}(t) fi(t — 1)] varies as a function of the context unit centers,
pi and ;. By applying Approximations 1 and 2, we assume that context
unit centers are uniformly distributed across the sequence and note that,
by virtue of independence, E[fi(t)fi(t — 1)] = E[f;(t) fi(t)]. We denote the
distance between place cell centers u; and p; as d;j = |u; — pjl. By again
ignoring end effects (Approximation 3), we obtain the synaptic weight as
a function of the distance between place cell centers (the weight-distance
function):

1/E[£(H)] =

wy =1 /d RO —dydt

ij =0

r/d(l - (é)%) (1 - (%)Zk) d, (3.15)

in the case that d; < 20; otherwise, w;; = 0. The advantage of using poly-
nomials rather than gaussian functions becomes clear here because these
integrals can easily be closed. Equation 3.15 can be rewritten as a closed
function of o, d;;, and k with the binomial theorem, though the resulting

ijs
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series is a bit cumbersome for general k. Nevertheless, it is simple to show
that the series generated by this expansion reduces to o — %dij in the limit as
k 1 oo. That is, as the firing function approaches a uniform distribution, the
synaptic weight between two cells becomes a linear function of the distance
between their centers. On the other hand, for low values of k, the synaptic
weight between two neurons is not a linear function of distance but is in-
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stead a decaying, polynomial function of distance (e.g., fork =1, c = 1,a
5 3

fifth-degree polynomial: w;; = —4—6 + % — dlzj + % ). Figure 4a and 4b plots

the synaptic weight as a function of distance for o = 1 and various values

of k.

The difference between these two classes of synaptic weight-distance
curves (linear versus polynomial) is important because the synaptic weight
distribution depends essentially on the rate of change of the synaptic weight
function with respect to the distance between place cell centers. Before we
take this last step, however, we point out that the linear version of this
function (which arises from the uniform firing model) is essentially the result
we have quantified for our McCulloch-Pitts hippocampal model, albeit in
continuous form (this can be seen from equations 3.4 and 3.5, noting that
overlapij is the discrete equivalent of K — d;; with K some constant). This
similarity leads to the reassuring conclusion that the shape of the synaptic
weight distribution is consistent whether the neurons are continuous or
binary.

Once the synaptic weight has been expressed as a function of the distance
between place cell centers (the weight-distance function), all that remains
is to apply the assumption that distance between place cell centers is uni-
formly distributed throughout the network (equivalent to Approximation 2
in a one-dimensional world). This will specify the synaptic weight distribu-
tion. Intuitively, it would appear that since this distance is uniformly dis-
tributed and the weight-distance function is monotonically decreasing, the
density of the weight distribution will be relatively higher at those weights
where the weight-distance function is decreasing slowly. Thus, it makes
sense that a linear weight-distance function (with a constant rate of change)
would give rise to a uniform weight distribution. Similarly, for the type of

Figure 4: Facing page. Weight analysis for the polynomial firing rate function,
equation 3.14, f;(t) = 1— (’—;’ﬂ)z". Here p1;is 0. (A) f;(#) for various values of k. The
parameter o is held constant at 1. Notice how the f;(t) approaches the uniform
firing function as k increases. (B) f;() for various values of o; k is held constant
at 1. (C) The synaptic weight as a function of the distance between place centers
for two cells (the weight-distance function for two neurons), as in equation 3.15.
The weight-distance function is plotted for several values of k, with ¢ = 1.
Notice how the function becomes linear as k increases. (D-F) Nonzero synaptic
weight histograms were generated numerically for k of 1, 4, and 8. A uniform
distribution of the distance between place cell centers (as would be the case if
place cells were uniformly distributed in a one-dimensional world), and no end
effects, were assumed. A set of distances evenly spaced (between 0 and 2) was
transformed by the appropriate weight-distance function, and the histograms
were constructed from this transformed set. Notice how the nonzero synaptic
weight distribution becomes increasingly uniform as k increases.
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weight-distance function that arises for a gradually decaying firing function
such as k = 1 (and also for a gaussian firing function; see below), the weight
distribution would be relatively higher for high and low weights than for
intermediate weights, giving rise to a U-shaped type of distribution.

More formally, we partition the zero and nonzero synaptic weight dis-
tributions. Generalizing, suppose we have a weight-distance function, g,
such that w; = g(dlj), which is strictly decreasing (hence invertible) for
dij < 20 and zero valued for d; > 20. Distances are distributed uni-
formly over half the sequence length (density 2/S). In the first case, we
have P(w;j = 0) = P(djj > 20) = 1 —40/S, where S is again the sequence
length. For the nonzero weights,

PO < wy < £) = PO < g(dy) =) = Pg™1(H) = dy < g~1(0))

510 g
_ / 2/Sdx = —2/5/ g (3.16)
gl 0 dx

The density function of the nonzero synaptic weight distribution is thus

—2dg™'(v)
S dx

proportional to the first derivative of the inverse of the weight-distance
function.

To determine the synaptic weight distribution for other cell firing models,
all that is needed is an expression of the synaptic weight as a function of the
distance between place cell centers, such as is computed in equation 3.15.
Provided this function is decreasing (the only imaginable case in pure place
identification), the density of the synaptic weight distribution will be pro-
portional to the first derivative of the inverse of this function; geometrically,
this means that the density will be relatively higher at those places where
the weight-distance function is changing relatively slowly, so it should be
possible to draw qualitative conclusions from the weight-distance function
itself.

Even for the simplest case, k = 1, o = 1, the weight-distance function
arising from equation 3.14 is a fifth-degree polynomial (above), which we
did not invert. However, the weight-distance function (see Figure 4C) it-
self indicates that its rate of change is smaller for low and high distances
(by implication, high and low weights) than for intermediate distances
(weights). This result suggests a U-shaped distribution for the nonzero
synaptic weights, as is confirmed by numerical calculations (see Figure 4D).
The difference between trough and peak, however, is not large, so the uni-
form distribution remains a good approximation. As k increases (i.e., as
the firing function becomes more uniform), however, the weight-distance
function becomes more linear (approaching ¢ — %dlj), and gives rise to a
uniform nonzero distribution. This can be demonstrated analytically, in the
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limit as k 1 oo. Figure 4 illustrates these results from numerical calculations
for various values of k.

In summary, a uniform place-identification firing model gives rise to a
uniform nonzero synaptic weight distribution in the case of continuous neu-
rons (and continuous time), as well as in the discrete case of the McCulloch-
Pitts model. If a decaying firing model is used, the synaptic distribution
rises at the high and low ends of the weight spectrum, becoming U shaped;
however, even in this case, the uniform distribution remains a good approx-
imation. The result for the zero weights remains essentially the same.

3.4.2 Gaussian place cell firing. Extending the previous analysis to the
case of gaussian place cell firing is straightforward. Suppose now the firing
function for cell i is a gaussian function,

—(t—pj)?
filt) =e 22, (3.17)

with center u;. For the sake of simplicity, we again assume that the variance
o is the same for all cells. We develop the weight-distance function in the
same way, with d;; again the distance between place cell centers:

R ] f@f& - dy) dx
YT T oA T Jfwdx (3.18)

The numerator of equation 3.18 reduces with equation 3.17,

/exp [21?(—)(2 —(x— dlj)z)] dx

dz _ 1432
exp(—ﬁ) /exp [—%} dx, (3.19)

[ Feoft g ax

which gives

df —14,)?
e
[ exp [—%] dx 2

= (3.20)

Wij =

The natural course would be to take these integrals over the sequence
length. But if instead we approximate with integrals extending to infinity,
the error functions disappear, and the weight distribution becomes ana-
lytically tractable (this approximation follows from Approximation 3, see
section 3.3.5) because the ratio of the two integrals then becomes +/2/2. The
weight-distance curve is thus itself a gaussian function.
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Following equation 3.16, we can invert and differentiate equation 3.20,
to give a weight density function

fulx) = 22 V2 ( 52) cre 2 (3.21)

—_—, —exp | —— —_,
Sx /—ln(ﬁx) 2 16 2
which is (as we would by now expect) U shaped (see Figure 5).

3.4.3 Stochastic binary neurons. Returning to the case of discrete time
and binary firing, what if the firing functions are stochastic rather than de-
terministic? If we have firing functions of the form P(z;(t) = 1) = f;(¢), then
the situation is the same as that which develops out of equation 3.2. The
analysis is effectively the same as for the continuous cases, though the cal-
culations now involve finite sums and a discrete space of possibilities. The
case of uniform firing (i.e., local context units) is covered by equation 3.8 and
gives rise, via approximation, to a uniform weight distribution (see equa-
tions 14a—c). For alternative stochastic firing distributions (such as mean
peaked, decaying), we could approximate the firing function with a contin-
uous function and use the techniques of the previous two sections to derive
a continuous weight distribution that approximates the discrete one. Thus,
we would again expect a U-shaped weight distribution for a mean-peaked
firing function such as a discretized gaussian.

3.4.4 A two-dimensional world. The assumption that distance between
place cell centers is uniformly distributed only follows from the assumption
that place cells are uniformly distributed (e.g., Approximation 2) in a one-
dimensional world. In a two-dimensional world, however, the number of
place fields farther from a central locus is greater than the number of place
cells closer. Briefly, suppose that place cells are uniformly distributed on
a planar circle with radius R, and consider a particular place cell at the
center of the circle. We want to specify the distribution of the distances
between the place cell at the center of the circle and other place cells in the
circle (we use the center place cell here and assume that this distribution
would be the same for all other place cells—this is strictly true only if there
are no end effects). Referring to the distance variable as d, we have P(d <
t) = nt2/nR% = #2/R%, which implies a density function f;(t) = 2¢/R2. The
density of the distribution actually increases in direct proportion with the
distance.

This modification alters the derivation of weight density given by equa-
tion 3.16. Instead,

PO < wj <) = PO < g(d) < 1) = P(g™ (1) < dj < g(0))

g0 2y -2 d (u)
_ /glm 5 dx = F/ ¢ (w) g du, (322
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Figure 5: Weight analysis for the gaussian firing rate function, equation 3.17.
The numerical weight distributions were computed by constructing a set of dis-
tances evenly spaced between 0 and S/2, where S was the sequence length. This
set was transformed by the weight-distance function generated by the middle
equation in equation 3.20; the integrals were computed numerically. The numer-
ical histograms were constructed from this transformed set. The analytical his-
tograms were constructed by integrating the weight density function specified
by equation 3.21 over the bin widths. Comparisons were generated separately
for sequence length (S) values of 50, 100, and 20c. Note that the scale on the
abscissa differs for each histogram.
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using the substitution u = g(x), where g is a strictly decreasing weight-
distance function (again, if ¢ is not strictly decreasing everywhere, the
weight distribution would need to be put together from partitions).

The weight density function in this two-dimensional case is thus f, t) =

-1
1;—22 gil(x)ggx—, which differs from the density in the one-dimensional case,

equation 3.16, by the factor éf1 (x). This difference reflects the factor that
more place cells are actually at farther distances than closer ones if place
cells are uniformly distributed in a two-dimensional world.

Extending this analysis to the cognitive mapping problem requires spec-
ifying the firing function of a place cell in two dimensions, deriving the
weight-distance function via the integration techniques described in the
previous two sections, and then using equation 3.22. Due to the great di-
versity of cell firing functions and weight-distance functions that have been
measured or hypothesized for hippocampal place cells (Blum & Abbot,
1996; O’Keefe & Burgess, 1996; Burgess & O’Keefe, 1996; Touretzky, Redish,
& Wan, 1993; Tsodyks & Sejnowski, 1995; Muller, Kubie, & Saypoff, 1991;
Muller & Stead, 1996), an explicit analysis of the various cases falls outside
the scope of this article; still, something in general can be said.

This two-dimensional effect can be simply though crudely exemplified
by a linear weight-distance function (a firing function uniform on a circle
gives rise to a weight-distance function that is very nearly linear). Assume
the weight-distance function g(d;j) = M — d;; if d;j < M, and is 0 otherwise.
Then the nonzero synaptic weight density, given by equation 3.22, f,(x) =
%(M — x), is a linear, decreasing distribution—in contrast to the uniform
distribution that arises in a one-dimensional world.

3.4.5 Summary. The purpose of this section has been to demonstrate
that the computational techniques used to quantify the synaptic weight
distribution in our hippocampal model generalize, using analogous as-
sumptions and approximations, to cell firing models other than those of
deterministic, binary, discrete local context units. While it is useful to un-
derstand how these computations generalize, it bears reiterating that this
does not imply that the model generalizes. Whether a model can be con-
structed that evolves a coding similar to any of the cases we have discussed
and is well characterized by the assumptions and approximations we use
(particularly Approximation 1, that coding is independent of connectivity)
is an issue completely divorced from these generalizations.

For all the cases analyzed in detail, the essential result of a nongaussian
synaptic weight distribution remains. While these distributions were not
always uniform, the uniform distribution is a good approximation.

4 Discussion

The purpose of this analysis was to understand how the relationship be-
tween the input environment and the distribution of synaptic weights is
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affected by two important phenomena: Hebbian synaptic modification and
the emergence of the local context unit-based coding scheme.

We find that this relationship imposes a distinctive constraint on the
distribution of the synaptic weights under the sufficient condition that con-
text units form. The actual distributions are, to a remarkably large extent,
independent of the details of input firing patterns. Using equation 14a—c,
these distributions can instead be predicted as a function of the average
context unit lifetime (which depends on more general characteristics of the
input environment) with minimal inaccuracy. Even more simply, by using
the relationship between average context unit lifetime, E[£], capacity, and
activity described by equation 2.3, it is possible to approximate these dis-
tributions with even more rudimentary knowledge. That is, if local context
codes form and if average activity is known or preset, the distribution is
largely independent of the environment, according to equation 3.12.

The surprise of these results suggests a contradiction to two assumptions
underlying our original intuitions concerning the dynamical properties of
this network: (1) an expectation of a typical gaussian-type weight distribu-
tion arising from a first-approximation assumption of independent neuronal
firing, and (2) the general idea that Hebbian weight modification imposes
the statistical characteristics of the environment on the synapses.

Our intuitive expectation of a gaussian weight distribution builds on a
supposition of independent neuronal firing. As a simplified example, sup-
pose that each neuron fires independently Sa times, so that the average
network activity is a. Again, convergence assumptions imply that w;; will
approach P(z;(t — 1) | zj(t)). If k;j is the number of time steps of synchronous
firing (like overlap ij)’ it follows that

Sa\ (S—Sa
P(kj = m) = M; @.1)
(Su)

that is, k; has a hypergeometric distribution. But since w;; = kjj/Sa, this
implies wj; is also hypergeometrically distributed with mean a and variance
(1 —a)?/(S —1). As S — oo, the central limit theorem implies that the
standardized distribution becomes gaussian, not uniform, as in our results.
Moreover, the distribution converges to an impulse function at the mean,
a,as S — oo as well, as implied by the variance term. Thus P(wij = 0)
converges to 0, not to the ca. 1 —2a of our results. The weight distribution in
this formerly intuitive case is therefore quite different from the distribution
shown to exist when local context units characterize cell firing.

The difference between the two coding schemes that produce these very
different distributions stems from a difference in the input environments
and the effect of synaptic modification. The case of independent activity
patterns is characteristic of a structureless, informationless environment,
while local context unit-type activity arises (in the model) from predictable
correlations in the sequential repetition of the input.
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Understanding the basis for our earlier, false intuition leads us directly to
the issue of biological realism. The world and the brain is some hybrid com-
bination of the two extremes—the one of our initial intuition and the one
explained previously. Although the relative contribution of each of these
two input types is an open question, it will always be the challenge to the
information processor to extract whatever signal there is from amid how-
ever much noise there is. So it would make sense that the relationship be-
tween the synaptic weight structure and coding scheme of a more natural
sequence-learning and predicting network, such as is found in the mam-
malian brain, lies somewhere between the extremes of purely deterministic
and uniform, local context unit-based codings and the purely noisy and
gaussian, independent firing patterns. Thus, we suggest that the next step
in the synaptic weight theory presented here requires relaxing some, but not
all, of its deterministic rigor.

The fact that the input environments simulated here are less noisy than
in more realistic, biological cases makes it all the more surprising that the
synaptic weight distribution turns out to be independent of the input envi-
ronment, on the condition that context units form. As a result, we suspect
that some of the more qualitative results of the deterministic case analyzed
here are meaningful.

Among these results, the large number of synapses that are driven to zero
weight is hypothesized to be a general characteristic of these networks.
Consequently, the theoretical link between zero weights and low activity
developed as equation 3.12, P(wij = 0) ~ 1 —2a, could provide a unification
of two well-known and complementary characteristics of forebrain cortical
systems: low connectivity and low activity.

Generalizing the uniform distribution of nonzero synaptic weights is
a more complicated question, and this complication formed the basis for
the extensions presented in section 3.4. Here, we demonstrate how the re-
sults can extend to the cases of stochastic and continuous firing neurons,
using only assumptions and approximations equivalent to those already
introduced (see Table 1). The essential result of a nongaussian weight dis-
tribution still obtains, but with an additional qualification: the resulting
nonzero weight distribution may be either uniform or U shaped, depend-
ing on the “place cell” firing function assumed. In both cases, deriving the
weight distribution from the firing function, for both analytical and numer-
ical analysis, depends on the firing function in the same straightforward
way. Moreover, in the cases we studied, the uniform distribution of weights
remained a good approximation even for the distributions predicted to be
U shaped.

This leads directly to the question of whether the assumptions outlined
in Table 1 are biologically reasonable. Section 3.3 discusses the issues sur-
rounding this question. As this discussion indicates, our position is that all
of these approximations are computationally reasonable, with the excep-
tion of Approximation 1 (see section 3.3.3), which states, in effect, that a
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neuron’s role in the coding is independent of its connectivity. The success
of this particular approximation in the computational simulations is actu-
ally a bit surprising. In this context, an important result of our model is
that a self-organizing recurrent model of the CA3 region can develop local
context units for which neuronal correlations (i.e., the relationship between
two connected neurons which depends on the respective a’s and ’s) can
be very effectively approximated by an assumption of independence to the
variable of connectivity. This result is important because context unit place
cell codings are not imposed on our model, but rather develop out of a
self-organizing process. Therefore, it is surprising that the model’s princi-
pal source of randomness, the connectivity matrix, can be assumed to have
no influence on this process when the weight distribution is computed.

There are several interesting cases, in addition, in which this coding-
connectivity independence assumption is necessarily valid and in which
we would expect our extended results to hold. First are the models that
implicitly presuppose independence between coding and connectivity, by
virtue of either full connectivity (e.g., Blum & Abbott, 1996) or externally
originated place cells imposed, independently, on a randomly connected
network (e.g., Muller & Stead, 1996).

Second, and perhaps of some interest to neurophysiologists, the distri-
butions of weights could just as well have been the distribution of pairwise
cell firing, E[zizj]/ E[zj] (and this is true regardless of whether the coding-
connectivity independence assumption is valid). The motivation to measure
these correlations has begun to be shared by experimentalists, and the dis-
tributions published in the recent experimental paper of Hampson, Byrd,
Konstantopoulos, Bunn, & Deadwyler (1996; see, e.g., their Figures 3C and
3D) are very similar to the sorts of distributions described here.!

Finally, we note that the description of synfire chains as models of corti-
cal function suggested by Abeles (1991), and similar lines of thought aris-
ing from other researchers, has recently inspired a great deal of research
on sequence-producing recurrent neural networks. The firing patterns in
these cortically inspired networks are characterized by subpopulation neu-
ronal groups (synfire links) activating in sequential fashion (Abeles 1991; Bi-
enenstock, 1995; Hertz & Priigel-Bennet, 1996; Herrmann, Hertz, & Priigel-
Bennet, 1995; Griniasty et al., 1993; Amit et al., 1994; Brunel, 1996; Chover,
1996). Thus we believe our results are not limited to hippocampal models.
Rather they may be applied to a variety of models currently being studied
in the computational literature.

! Hampson et al. refer to these as cross-correlations. They measure the distribution of
Elziz;] rather than the E[z;z]/E[z] distribution we calculate. The difference in the distri-
butions, 1/ E[zj-], is essentially one of scale (our measure is scaled for the average activity
of the postsynaptic neuron), not of shape.
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Appendix

The purpose of this appendix is to make explicit the calculations that pro-
duce P(wj; = x | 4;, £). To dothis calculation, the (¢;, £;) space was partitioned
into the three cases: £; = £, £; > £, and ¢; < £. Within these partitions, we
subpartition the cases as a function of starting point and lifetime, in order
to simplify the min and max functions in the overlap i definition; this is

made easier if we consider the relationship separately depending on which
context unit (the pre- or the post-) starts firing first. Finally, these subpar-
titions are reduced to joint probabilities and then unified to remove the
subpartitions. Among these three cases, the conditional weight distribution
is structurally very similar, and so we are able to unify the three cases into
a single function. This is the result we present as equation 3.8.

A.l CaseI: ¢; = § = £. In this case equation 3.7 reduces to:
overlapij = max{min{o; + €+ 1, o5 + €} —max{o; + 1, &}, 0}, (A.1)

in which case we can further partition the possibilities into Case Ia, when
the presynaptic context unit starts firing before the postsynaptic, and vice
versa in Case Ib.

A2 Casela: of > o; + 1. So that max{e; + 1, o} = ¢ and min{e; + £ +
1,06 + £} = o; + €+ 1. This gives overlapij = max{e; + €+ 1 — &, 0} and
allows us to conclude:

P(overlapi]: 0, > ai+1)=P(ai+£€+1-0<0, o> 0 +1) (A.2a)

P(overlapij =4 o>0+1)=Ploj=0+1,0 >0 +1) (A.2b)

Ploverlap; = x, 0 > 0 + 1) = Pl + £+ 1 — 05 = x, ¢ = 0 + 1),
O<x< ¥ (A.2¢)

for the cases of no overlap, complete overlap, and partial overlap, respec-
tively.

A3 Caselb: of < o + 1. Then max{o; +1, g} = o; + 1 and min{e; + £+
1,0+ = +£So overlapij = max{q; + € — o; + 1, 0}, and, once again,
we have

P(overlapi]: 0, < 0i+1)=P(ej+£€—a;j+1<0, g < +1) (A.3a)

P(overlapij =€ o<a+1)=Plog=0+1,0<a+1)=0 (A3b)
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P(overlapijzx,og< a+1)=Ploj+L+1-0ag=x0<a+]l),
O<x< ¥ (A.30)

for the cases of no overlap, complete overlap, and partial overlap, respec-
tively.

Since Cases la and Ib partition the event space, we can generate the
overlap i distribution by combining equations A.2a-c and A.3a—c. The cal-
culation of P(overlap §= 0) is presented as an example:

P(overlapij =0)=Plg<o—L+1,0<0c+1)
+ Pl =€+ 1+ a,0>0+1)
=Plgg <o —€+1) +Plej =€+ 1+ o)
=1-Ploy—€+1<0<o;+4£+1). (A.4)

Equation A .4, as well as its analog for the other cases, can be computed
by assuming independence of o; and ¢ and invoking the assumption of
uniform distribution of s (so that, explicitly, P(¢; = t) = 1/(S — 4 + 1) if
1<t<S—4¢+1):

P(overlapij =0)
=1-Plog—L+1<qg<a+L+1),

[which we break down by again partitioning into conditional relationships]

=1
S—£+1S5—£+1
— Z Z Play—£+1<qg<a+L+1|lo=x0=y)
x=1 y=1

x Plai = x, of = y)

[Since x and y are constants (in time-step units), P(es —£€+1 < o < aj+L£+1]
o =X, 0 = y) is an indicator function: P(o; — €+ 1 < g<o+Ll+l|a=
X, 05 = y) = lifandonlyifx —€+1 < y < x + £+ 1, provided that
P(a; = x) > 0 and P(qj = y) > 0. Otherwise, it takes value 0. We rewrite
using the notation I(A) as the indicator function of event A and apply the
independence assumption for «; and og.]

S—£+1S5—£+1
=1- Y Y Ix—€+1<y<x+4£+1)P(o;=x)P(oj=y)
x=1 y=1

S—£€+1S5—£+1 1 1

=1- Ix—£l+1<y<x+£+1
xzzl ; (x y=x )S—E+1S—E+1
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[The calculation of 3 I(x—£€+1 < y < x +£+1) here is complicated by the
end-effect situation. In the ideal case, the event {x — £+ 1 <y < x + £+ 1}
would be measurable without respect to the particular value that x takes, as
would appear from the event itself. However, the probability distribution
of o = y is additionally constrained by the condition 1 < a < S, and
this complicates the calculation. We avoided complicating the theory by
ignoring such a possibility, thus assuming £; < x < S — 4;, or, effectively,
that the presynaptic context unit was not near the beginning or the end of
the sequence. In light of this assumption, noting that x is a constant within
the summation, Zyl(x —£+1<y<x+4£+1)amounts to a count of the
number of values of y satisfying x —£+ 1 < y < x + £+ 1 for any constant
x, but this is just 2¢ — 1.]

x=1
_1 20—1
S—¢€+1
S—3€6+2
_2 =T A5
S—¢€+1 (A5

The procedure employed to calculate P(overlap §= 0 | £) above applies
generically for the remaining cases 0 < overlap i < £.

Given this conditional probability, it is a simple matter to compute P(wij |
£) with equation 3.6.

A4 Casell: ¢ > €. The procedure for the remaining cases is generically
similar to Case I, so here we only point out the differences and show the
results of the calculations. The most significant characteristic distinguishing
Cases Il and III from Case I is that the information contained in £; and
cannot be simplified to a single variable; a conditional probability can only
be generated for both ¢; and . This affects the indices of summation in the
analogous calculation producing equation A.5 as well as the defining terms
of the end-effect error. However, in the former case, the indices are cancelled
out by the (o, og) independence assumption, and, in the latter, the end error
can be assumed away as before. The overlap j can be calculated from (o, B;)
and (og, ﬂj) as above, and the same computations applied:

S—26—£;+2
g1+ X=0
X 2
P wly=zl&,@ = T o 0<x<4 (A.6)
£—4+1
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A.5 Case IILI: ¢; < &. The same reasoning applies if £; < 4. This is
guaranteed by the symmetry of the ¢; < ¢ and €; > § cases if, as we have
assumed, the two variables are independent. In this case, however, since
0 < overlapij < 4, it follows 0 < wj; < £/, and thus P(w; = 1) = 0
necessarily:

s e =0
S—g+1
X 2
P wij:zlei’@ = m, 0<X<E[ (A7)
4—6+1
ST =4
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