
Abstract. It is desirable to have a statistical description
of neuronal connectivity in developing tractable theories
on the development of biological neural networks and in
designing arti®cial neural networks. In this paper, we
bring out a relationship between the statistics of the
input environment, the degree of network connectivity,
and the average postsynaptic activity. These relation-
ships are derived using simple neurons whose inputs are
only feed-forward, excitatory and whose activity is a
linear function of its inputs. In particular, we show that
only the empirical mean of the pairwise input correla-
tions, rather than the full matrix of all such correlations,
is needed to produce an accurate estimate of the number
of inputs necessary to attain a prespeci®ed average
postsynaptic activity level. Predictions from this work
also include distributional aspects of connectivity and
activity as shown by a combination of analysis and
simulations.

1. Introduction

This present report explores the relationship between the
statistics of connectivity and the statistics of activity of a
simple feed-forward network. The analyses here grow
out of two concerns. First, there are fundamental limits
on the number of connections that exist in the brain or
in arti®cial neural networks (Amaral et al. 1990;
Mitchison 1991). Second, activity levels profoundly
interact with the ability of feed-forward networks to
reduce statistical dependence while maintaining infor-
mation (Adelsberger-Mangan and Levy 1993).

Here we investigate a relationship between these two
limiting processes for a speci®c and widely used synaptic
modi®cation rule (FoÈ ldiaÂ k 1990; Grossberg 1976; Rolls
1989). As a starting point, we introduce the idea that
there is a limit on the connectivity of the postsynaptic

neuron. In our analyses, we will individually hypothesize
one of the following three types of postsynaptic con-
straints on connectivity: (A) the postsynaptic neuron can
only maintain, or only has room for, a total synaptic
weight of some ®xed preset value, or (B) the postsyn-
aptic neuron only has room for a ®xed number of inputs,
or (C) the postsynaptic neuron dynamically regulates
synaptogenesis (that is, the creation of new synapses
between the input and output neurons) in order to
achieve a preset level of average activity.

Each of these limits has its appeal. Hypotheses A and
B seem most relevant to an engineer with design con-
straints due to limitations on the size of an integrated
circuit and its components, including the interconnec-
tions between neuron-like elements (Mead 1989;
Mitchison 1991). Hypothesis A seems biologically sen-
sible in terms of neuronal stability as well as the capa-
bility for plasticity in connections that maintain
functionality when some of the neurons are lost (Hill-
man and Chen 1984). Hypothesis C is supported by
neurobiological data that indicate a dynamic, activity-
based regulation of connectivity (its neural relevance is
discussed in Levy et al. 1990; Levy and Desmond 1985,
and the developmental perspective is explored in Levy
and Colbert 1991. In this regulatory theory, decreased
postsynaptic activity produces more synaptogenesis. In
essence, Hypothesis C introduces an additional adaptive
process that allows us to consider ± and Nature to use ±
stochastically driven synaptogenesis to achieve desirable
neuronal architectures and network characteristics
(e.g., redundancy reduction that largely preserves
information).

The relationships between network connectivity and
neural activity are important to the computational
neuroscientist seeking to understand brain function. In
our research, we are investigating a developmental
model of synapse creation that is sensible and compat-
ible with associative synaptic modi®cation. Using a bi-
ologically inspired synaptogenesis rule, synapse creation
continues until each output neuron has met a speci®c
requirement, e.g., a desired ®ring level (Adelsberger-
Mangan and Levy 1993) or decoding accuracy (unpub-
lished observations). Indeed, it is generally assumed that
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the brain tends to have set point levels of activity. Fur-
thermore, energy-e�cient transmission of information
puts a set point on activity levels (Levy and Baxter
1996). The networks created using synapse creation and
weight modi®cation end up fractionally connected; in-
deed, we have found that networks where the output
neurons are innervated by a small subset of the input
neurons outperform (as determined by information
maintenance and decoding accuracy) networks that are
more densely connected (Adelsberger-Mangan and Levy
1993). With a better understanding of the statistical re-
lationships between network connectivity and neural
activities, we can re®ne our developmental model and
increase our understanding of hippocampal and neo-
cortical functions. Further, as regulation of neural ac-
tivity may play a role in other cognitive functions (for a
discussion of the role of neural activity in sensory pro-
cessing, see for example Barlow 1959; Field 1994; FoÈ l-
diaÂ k 1990), an understanding of the interaction between
neural activity and synaptic connectivity is of general
interest.

The organization of the paper is as follows. In Section
2, we investigate the relationship between di�erent
neuronal parameters for a particular synaptic modi®-
cation rule. Section 3 connects the number of input
neurons to average postsynaptic activity via an ap-
proximation of the input correlation matrix. In Section
4, a recursive method for the solution of the eigenvalue
problem leads to an expression for the distribution of the
average postsynaptic activity. Simulation results evalu-
ating the estimates developed in the paper are presented
in Section 5, and a discussion on extending the results to
recurrent nonlinear networks is provided in Section 6.
Some concluding remarks can be found in Section 7.

2 Single neuron statistics

In this paper, we only consider the simplest feed-forward
neuron or network of neurons whose inputs are only
excitatory and whose activity is a linear function of its
inputs. (When neurons are considered as linear devices,
neural output equals activity; alternatively, when neu-
rons are considered nonlinear devices, neural output is a
nonlinear function of activity.) The most basic statistic
of such a network is the average activity of a postsyn-
aptic neuron, which is essential in determining the
information capacity of the network (Adelsberger-Man-
gan and Levy 1993).

As a ®rst-order approximation, we assume a linear
activation expression:

Yj � cyX
TWj � cy

X
i2Sj

xiwij �1�

where Yj is the activation of the jth postsynaptic neuron,
cy is a constant applicable to all neurons of this class,
and XTWj is the inner product between the vector of
a�erent activities X, made up of presynaptic activities
xi 2 f0; 1g, and the vector of synaptic weights Wj, made
up of synapse strengths wij. Sj is the subset of inputs that

synapse on (i.e., connect to) neuron j. The vectors Yj, X,
Wj and their elements are all implicit functions of time t.
Then, if synaptic weights are ®xed, the average activity
of a postsynaptic neuron is

E�Yj� � cyEj�XTWj� � cy

X
i2Sj

Ej�xi�wij

where Ej�xi� � E�xiji 2 Sj� and Ej�X� � E�Xji 2 Sj; 8i� are
the conditional expectation operators.

Even a crude approximation that answers our initial
question about the interrelationship between connec-
tivity and the statistics of the input excitation and output
activity is useful for a start. Suppose that the average
presynaptic activity is nearly the same across all a�er-
ents; that is, Ej�xi� � Ej�xk�; 8i; k 2 Sj. Then,

E�Yj� � cyEj�xi�
X
i2Sj

wij �2�

and

E�Yj�
Ej�xi� � cy

X
i2Sj

wij �3�

This is the form which is most interesting when we
consider a neuron governed by Hypothesis A that ®xesP

i wij. In this crude approximation, we see a propor-
tionality between the total synaptic weight on a post-
synaptic neuron and the ratio of average input activities
and output activities.

Suppose synaptic modi®cation of the existing vector
of synapses Wj on neuron j occurs in a manner that is
governed by a particular associative modi®cation rule
that receives experimental support both in the visual
cortex (Rauschecker and Singer 1979, 1981) and in the
hippocampus (Levy and Steward 1983).

wij�t � 1� � wij�t� � Dwij�t�

Dwij�t� � eYj�t��cwxi�t� ÿ wij�t��
where t is time, e is a small positive constant controlling
the modi®cation rate, and cw is a positive constant of
suitable units so that the indicated subtraction makes
sense.

As per the theorem in Appendix I, for small e and a
stationary, strongly mixing stochastic environment, this
modi®cation rule leads to a globally, asymptotically
�t !1� stable state of synaptic strengths:

Wj �
cwe

1
j k

1
j

E
P

i2Sj
xie1ij

h i �4�

where the pair �k1j ; e1j � is, respectively, the dominant
eigenvalue and the associated eigenvector of the corre-
lation matrix Ej�XXT � of the subset of inputs Sj which
connect to neuron j, and e1ij is the ith element of the
vector e1j . That is, this eigenpair is de®ned by

Ej�XXT �e1j � k1j e
1
j
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where e1T
j e1j � 1, and the absolute value of k1j is the

largest eigenvalue of Ej�XXT �.
With this asymptotic result, we can improve upon our

®rst approximation by dispensing with the assumption
that the average presynaptic activities are all the same.
Taking synaptic strengths to be at their asymptotic
values, we again have average postsynaptic activity as in
(2). This time, however, we do not assume identical
average activities; rather, we note that multiplication of
(4) by Ej�XT � gives
Ej�XT �Wj � cwk1j

Combining this equation with (1) shows that the average
activity of neuron j is solely a function of the pairwise
correlations of the inputs; that is,

E�Yj� � cycwk1j �5�
This relationship might be of use when engineering a
network for a desired level of output activity; that is, the
constants cy and cw can be adjusted to achieve this
activity level.

In addition, from (4) also develops a more precise
expression that relates the total synaptic strength onto j
as a function of the input statisticsX
i2Sj

wij � 1TWj �
cwk1j1

T e1j

Ej�XT �e1j
�6�

� E�Yj�1T e1j

cyEj�XT �e1j
�7�

where 1 is the vector of all ones of appropriate
dimension. Equation (6) shows that the total synaptic
strength depends, via the dominant eigenpair, on these
same correlational statistics and, moreover, on the
average activity of the a�erents synapsing on j. In (7),
we see the precise relationship that (3) only approxi-
mated. That is, the crude assumption of identical
average activity used to produce (3) is replaced by a
weighted average over all the relevant a�erents where
the weighting 1T e1j=Ej�XT �e1j depends on the correlation
matrix Ej�XXT �.

3 Network statistics

So far, we have been discussing only the statistics of a
single postsynaptic neuron. Now we turn to a more
challenging issue: the distribution of these statistics
across a population of neurons. In order to take on this
challenge, we need to consider the empirical distribu-
tions of subsets of the correlation matrix E�XXT �. The
setting for these empirical distributions seems quite
natural for any of the three hypotheses mentioned in the
Introduction. Speci®cally, we assume a synaptogenesis
process such that the synapses between the set of inputs
i 2 f1; 2; . . . ; ng are made equaprobably with one syn-
apse added at a time. Furthermore, we assume that
synaptogenesis stops before all a�erents are connected

to all postsynaptic neurons. In the case of Hypothesis B,
synaptogenesis continues until each neuron has a
complement of mj synapses, where mj < n. In the case
of Hypotheses A and C, we allow each postsynaptic
neuron to make one new synaptic connection and then
run the input environment often enough so that a steady
state is achieved for all synapse weights wij. This cycle of
synaptogenesis followed by asymptotic associative mod-
i®cation continues until the individual criterion of the
appropriate hypothesis is achieved. [This procedure can
be sped up by allowing a lot more synaptogenesis to
occur early on (Levy and Colbert 1991). The important
point is that synaptogenesis must ultimately be a much
slower process than associative modi®cation, and this
requirement ®ts biological intuition.]

Each postsynaptic neuron is likely to receive a
di�erent set of inputs. To indicate this more precisely,
we introduce some notation to designate the subset of
the inputs that synapse on any one particular postsyn-
aptic neuron. Call such a subset of inputs to the jth
postsynaptic neuron Sj � f1; 2; . . . ; ng. Then, consider
the related function that just selects a lower dimensional
subspace of the random vector X : Sj�X� 2 �0; 1�mj where
mj�j Sj j is the number of synapses. Because we want to
arrive at distributional statements about the population
of postsynaptic neurons, we must turn our attention to
items such as the correlation matrix of the inputs to
neuron j, Ej�XXT �. Of course, the elements in such a
correlation matrix appear in the larger correlation
matrix E�XXT � as well. In fact, we are repeatedly sam-
pling from E�XXT � to create the various matrices
Ej�XXT �.

Consider the following empirical expectations of the
elements of the matrix Ej�XXT �:

nj �
1

mj�mj ÿ 1�
Xmj

i�1

Xmj

k 6�i
k�1

Ej�xixk�

and

fj �
1

mj

Xmj

i�1
Ej�x2i �

where Ej�xixk�; i; k 2 Sj, denote the elements of Ej�XXT �.
Next, suppose that the number of synapses, mj, re-

ceived by each postsynaptic neuron j is asymptotically
large. Then,

nj ÿ! n � 1

n�nÿ 1�
Xn

i�1

Xn

k 6�i
k�1

E�xixk�; 8j �8�

and

fj ÿ! f � 1

n

Xn

i�1
E�x2i �; 8j �9�

Furthermore, under the assumption that mj is asymp-
totically large, the row sums of the mj � mj symmetric
matrix Ej�XXT � will be nearly the same (rows di�er only
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in diagonal elements), and each row sum can be
approximated by mjn. If we factor this product out of
Ej�XXT �, the resulting matrix has a dominant eigenvalue
of 1 since it is a stochastic matrix. The associated
eigenvector aligns with 1. This means that, in the limit of
mj, the dominant eigenvalue of the original unfactored
matrix Ej�XXT � is
k1j � mjn �10�
Because most neurons in the cortical systems of the
forebrain have so many synapses, considering asymp-
totic results is certainly sensible. In particular, (10) is a
good approximation to such limit calculations, and the
following rearrangement produces a relationship be-
tween the number of synapses and the input statistics:

mj �
k1j
n

�11�

More to the point, using (5) and (11), we see the
approximate asymptotic relationship between the num-
ber of synapses and the average postsynaptic activity as

mj � E�Yj�
cycwn

which, to be more precise and without ignoring the value
of the diagonal elements of Ej�XXT � while assuming they
are all equal to f, implies (see Appendix B for the proof)

mj � 1

n
E�Yj�
cycw

ÿ f

� �
� 1 �12�

Thus, we now have another prescription for the biologist
who entertains Hypothesis C. Equation (12) says that
for a system with many synapses per neuron, the number
of synapses per neuron can be estimated from the
average postsynaptic activity and the average of the
input correlations. This type of relationship is a
quantitative re¯ection of a possible activity dependence
of synaptogenesis. That is, postsynaptic activity may
regulate synaptogenesis in order to maintain a set point
level of average activity (Adelsberger-Mangan and Levy
1993, 1994). Moreover, the biologist must consider both
modi®cation of existing synapses and formation of new
synapses as changing when the correlational input
statistics are altered.

For the engineer who works with the constraints of
Hypothesis A, it may be more useful to rewrite the re-
lationship as E�Yj� � cycwmjn. Hence, if the number of
synapses are limited to a speci®c value of mj and if n can
be estimated, then the constants cy and cw can be ad-
justed to produce the desired value of average postsyn-
aptic activity.

4 Distribution of the dominant eigenvalue

We have shown in (5) that for a small modi®cation rate
and a stationary, strongly mixing stochastic environ-
ment, the distribution of the average postsynaptic

activity is asymptotically (in time) the same as that of
the dominant eigenvalue scaled by a constant. Unfortu-
nately, the dominant eigenvalue of a matrix of dimen-
sion greater than four cannot be algebraically solved for
in an exact manner. However, it is possible to obtain an
approximation for such an eigenvalue by applying
several iterations of the power method (Isaacson and
Keller 1966). One version of the power method consists
of the recursion

MV�k�
k V�k� k1 � V�k � 1�

where V�k� is the eigenvector associated with the
dominant eigenvalue of the positive-de®nite matrix M
at step k, and k � k1 is the in®nity norm.

A single iteration that starts with V�1� � 1 can pro-
duce a vector that yields an estimate of k1. Speci®cally,
the one iteration is

Ej�XXT �1 � Vj �13�
where the new eigenvector estimate, Vj, is just the vector
of row sums of the matrix. Using this estimate of the
eigenvector, we can estimate the associated eigenvalue
mj times (once for each element in Vj) and then average.
That is, we can start with an approximate eigenequation

Ej�XXT �Vj � k1jVj �14�
and multiply both sides of (14) by 1 to ®nd

1T Ej�XXT �Vj � k1j1
TVj �15�

From (13) and (15), we ®nally produce the following
estimate of the dominant eigenvalue k1j :

k̂1j �
1T Ej�XXT �Vj

1TVj
� VT

j Vj

1TVj
�
Pmj

i�1 v2ijPmj

i�1 vij
�16�

where vij is ith entry in Vj.
Then from this estimate of the dominant eigenvalue

k1j , we determine E�Yj� [directly from equation (5)]:

E�Yj� �
cycw

Pmj

i�1 v2ijPmj

i�1 vij
�17�

It is hard to conclude a distributional form for k̂1j from
(17). The following rearrangement is more revealing:

Pmj

i�1 v2ijPmj

i�1 vij
�

Pmj
i�1 v2ij
mj
ÿ

Pmj
i�1 vij

mj

� �2

Pmj
i�1 vij

mj

�
Pmj

i�1 vij

mj
�18�

Note that the ®rst term on the right-hand side of (18) is
the empirical variance of the ith row sum vij, divided by
the empirical mean of vij. If this variance is much smaller
than the row sum mean, (16) simpli®es to

k̂1j �
Pmj

i�1 vij

mj
�19�
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Thus, as a corollary to (19),

E�Yj� � cycw
Pmj

i�1 vij

mj
�20�

which is obtained from (5).
The row sums vij; i � 1; . . . ;mj, in (19) and (20) are

statistically dependent if we consider the sampling pro-
cess for the matrix Ej�XXT �. While we hesitate to evoke a
speci®c central limit theorem without formulating the
nature of this dependence, heuristics indicate that the
random variables k1j and E�Yj� may be normally dis-
tributed (Aldous 1989). Furthermore, there is experi-
mental evidence, as presented in the next section, that
normal distribution is a satisfactory approximation of
the distribution of the dominant eigenvalue.

5 Simulations

In this section, we present some computer simulations
that test the accuracy of the approximations made in the
previous sections. In the ®rst set of computer simula-
tions, we examine the distribution of average postsyn-
aptic activity, as well as the accuracy of our prediction
of postsynaptic activity when output neurons receive
innervation from a ®xed number of input neurons
(Hypothesis B). In the second set of simulations, we
examine the distribution of the number of input neurons
needed to achieve a desired level of postsynaptic activity
(Hypothesis C), as well as the accuracy of our prediction
of the number of input neurons needed to achieve a
desired level of average postsynaptic activity.

In all simulations, the input layer consists of 1024
binary neurons. The ®ring state of the input neurons is
determined by a uniform pseudo-random number gen-
erator biased for thresholds of 0.25. (Lower ®ring levels
require a larger network.) There are ®ve di�erent input
environments, consisting of 8, 16, 32, 100, or 400 neu-
ronal ®ring patterns. After the input patterns of a par-
ticular environment are generated, the average ®ring
level of the input neurons is determined. If an input
neuron ®res at an average level that is less than 0.23 or
greater than 0.27, the ®ring for that input neuron is re-
determined via the random-number generator. This
process continues until the average ®ring level of all 1024
input neurons is between 0.23 and 0.27. Although the
®rings of the input neurons are independent in terms of
the generator, by virtue of ®nite or sparse sampling, there
is statistical dependence between input layer neurons.

Based on the patterns of input neuron ®ring, there is
an input correlation matrix, E�XXT �, of dimension
1024� 1024. Therefore, because we create ®ve di�erent
input environments (di�ering in the number of ®ring
patterns), we generate ®ve input correlation matrices.
The average entry of the ®ve input correlation matrices
(corresponding to the input environments consisting of
8, 16, 32, 100, or 400 neuronal ®ring patterns) is
6:27� 10ÿ2. The variance of the entries of the correla-
tion matrices ranges from a high of 5:06� 10ÿ3 (8 pat-
terns) to a low of 1:23� 10ÿ4 (400 patterns).

The output layer consists of 500 or 2000 neurons. The
synaptic connections between the input and output
layers are created in one of two fashions: either each
output neuron receives input from a randomly selected
but ®xed number of input neurons (Hypothesis B), or
synapses are formed at random until the average post-
synaptic activity of each output neuron reaches a preset
value (Hypothesis C). In all simulations, input neurons
are chosen randomly, and multiple inputs from a single
input neuron to an output neuron are permitted. For
experiments simulating the problem within the frame-
work of Hypothesis A see Levy (1992).

In all simulations, the constants cw and cy are set to 1.
The constant e controlling the rate of synaptic modi®-
cation is e � 0:05.

5.1 Hypothesis B

The ®rst series of simulations is run in accordance with
Hypothesis B; that is, the input and output neuronal
layers are connected such that each output neuron
receives a ®xed number of inputs. In this set of
simulations, we illustrate that: (1) the distribution
of average postsynaptic activity given a ®xed number
of inputs is roughly normal, and (2) the accuracy of the
estimate of postsynaptic activity (20) over a wide range
number of inputs and input variance.

Figure 1 shows the distribution of average postsyn-
aptic activity when mj � 100 input neurons. The data
are obtained from 2000 output neurons. The input en-
vironment consists of 32 neuronal ®ring patterns (the
average entry of the input correlation matrix is
6:27� 10ÿ2 with variance 1:17� 10ÿ3).

Superimposed upon the histogram of E�Yj� values is
the appropriately scaled normal distribution with iden-
tical mean and variance (Fig. 1). Although a strong
theoretical conclusion regarding the distribution of E�Yj�

Fig. 1. Histogramof postsynaptic activation (E�Yj�) formj � 100. The
data are from 2000 output neurons. The input environment consists of
32 neuronal ®ring patterns. The average entry of the input correlation
matrix is 6:27� 10ÿ2 with variance 1:17� 10ÿ3. Superimposed upon
the histogram is an appropriately scaled normal distribution with a
mean and variance identical to the histogram data set
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has not been presented, the distribution of E�Yj� is ap-
parently close to normal.

Figure 2 demonstrates the accuracy of the estimate of
postsynaptic activity (20) as a function of the number of
input neurons synapsing on each output neuron and the
variance of the entries of the input correlation matrix
(E�XXT �). The number of input neurons chosen, 10, 25,
50, 100, and 200, correspond to 0.98%, 2.4%, 4.9%,
9.8%, and 19.5% of the input layer neurons, respec-
tively. Thus, these networks are only fractionally con-
nected. Given the number of input neurons, E�Yj� is
determined using (5) and then estimated using (20) (as cy
and cw equal 1, E�Yj� equals kj). The percent error esti-
mate of E�Yj� is calculated as jk1j ÿ k̂1j j=k1j . Averages are
obtained from 500 output neurons and plotted against
the number of input neurons. The ®gure indicates that as
the output neurons make synapses with more input
neurons, the average error in the estimate of postsyn-
aptic activity provided by (20) decreases. In fact, when
the output neurons accrue at least 50 synapses (4.9% of
the input neurons), the average percent error is less than
2% for each of the ®ve input environments tested.
Moreover, Fig. 2 indicates that (20) yields acceptable
estimates even when the variance of the entries of
E�XXT � approaches the maximum possible value (a
variance of 1:17� 10ÿ2, obtained when one-quarter of
the entries of E�XXT � equal 0.25 and the rest equal zero,
and the mean entry equals 6:25� 10ÿ2) and only 10
input neurons innervate each output neuron. Consider-
ing that neurons make many more synapses than the
numbers in these simulations, it is clear that the estimate
of postsynaptic activity given in (20) is quite robust.

5.2 Hypothesis C

For the next series of simulations, the input and output
layers of the network are connected in accordance with

Hypothesis C, that is, each postsynaptic neuron accrues
input neuron innervation until a desired level of average
postsynaptic activity is obtained. This set of simulations
illustrates that: (1) the distribution of the number of
input neurons given a desired level of postsynaptic
activity is roughly normal in its central region and (2)
the estimate of the number of input neurons needed to
achieve a desired level of average postsynaptic activity
(12) over a wide range of desired postsynaptic activity
and input statistics is acceptably accurate.

Figure 3 is the histogram of the number of input
neurons per postsynaptic neuron when an average
postsynaptic activity level of 6.40 is desired. (This level
of postsynaptic activity was chosen as it corresponds to
approximately 100 input neurons, the same number
chosen for illustration in Fig. 1 of the distribution of
average postsynaptic activity.) The average postsynaptic
activity is calculated using (5) (cw and cy equal to 1) with
k1j determined using the iterative algorithm of Sect. 4.
The data are obtained from 2000 output neurons. The
input environment consists of 32 neuronal ®ring patterns
(the average entry of the input correlation matrix is
6:27� 10ÿ2 with variance 1:17� 10ÿ3). An appropri-
ately scaled normal distribution with identical mean and
variance is superimposed upon the histogram of mj. It is
clear from Fig. 3 that the normal distribution is an ac-
ceptable approximation of the distribution of mj, espe-
cially in the central region. The actual distribution will
only be approximately normal due to the discrete nature
of mj and because its distribution is bound to be asym-
metric, for small numbers of inputs will never ®re a
postsynaptic neuron enough. In fact, we can give a re-
cursive algorithm for the distribution of mj where the
probability of each bin is calculated by di�erencing the
successive cumulative normal distributions obtained by
integrating up to the appropriate mj. Such di�erencing
will reproduce an approximately normal distribution

Fig. 2. Percent error estimate of E�Yj� as a function of the number of
input neurons (mj) and the variance of the elements of E�XXT �. Each
plotted value is the average of 500 output neurons. The input
environments consist of 8 (�), 16 ((), 32 (4), 100 (e), or 400 (r)
neuronal ®ring patterns. The percentage error estimate of E�Yj� is
calculated as jk1j ÿ k̂1j j=k1j

Fig. 3. Histogram of the number of input neurons (mj) needed to
achieve E�Yj� � 6:40. The data are from 2000 output neurons. The
input environment consists of 32 neuronal ®ring patterns. The average
entry of the input correlation matrix is 6:27� 10ÿ2 with variance
1:17� 10ÿ3. Superimposed upon the distribution is an appropriately
scaled normal distribution with a mean and variance identical to the
histogram data set
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when incrementing mj by 1 changes the integral by only
a small amount.

Figure 4 depicts the sensitivity of the estimate of mj
(m̂j) as a function of the average postsynaptic activity
and the variance of the entries of the correlation matrix
E�XXT �. The desired levels of average postsynaptic ac-
tivity values chosen, speci®cally 0.80, 1.75, 3.30, 6.40,
and 12.70, correspond approximately to 10, 25, 50, 100,
and 200 input neurons, respectively (based on the ®rst
set of simulations). For each desired E�Yj�, input neu-
rons are accrued one at a time until it is determined that
the average postsynaptic activity of the output is greater
than or equal to the desired E�Yj� (using the iterative
method of Sect. 4 to determine kj and with cw and cy
equal to 1). Then, given the actual E�Yj� produced by the
selected input neurons, (12) is used to calculate the ap-
proximation of the number of input neurons needed to
achieve the particular E�Yj�. The percent error of the
estimate of mj is then calculated as jmj ÿ m̂jj=mj. The
averages are obtained over 500 output neurons and
plotted against E�Yj�. Figure 4 illustrates that as E�Yj�
increases, the error in m̂j decreases. This decrease is not
surprising because of the assumption that leads to (8)
and (9). That is, as the number of synapses on each
postsynaptic neuron grows larger so as to increase E�Yj�,
the assumption of asymptotically large connectivity is
better satis®ed. When the number of input neurons in-
nervating each output neuron averages at least 50, there
is less than a 5% di�erence between the true and esti-
mated number of input neurons for each of the ®ve input
environments tested.

6 Extension to recurrent nonlinear networks

Since most biological networks in the brain are recurrent
and use nonlinear activation rules, it is desirable to
extend our results to such networks. Gibson and
Robinson (1992) have approached this problem from

an associative memory perspective, including a simple
Hebbian learning rule. Several strategies for setting the
threshold in a fractionally connected nonlinear network
were proposed in Buckingham and Willshaw (1993). A
generalization to sparsely connected recurrent nonlinear
networks can be made by employing the following
variant of the shunting inhibition neuron model in
Minai and Levy (1993a):

Yj�t� �
Pmj

j�1 wijcijZj�t ÿ 1�Pmj

j�1 wijcijZj�t ÿ 1� � Ka�t ÿ 1� ;

1 � a�t ÿ 1� � n �21�

Zj�t� �
1; if Yj�t� � h

0; otherwise

�
where cij is an indicator function indicating the presence
or absence of a synaptic connection from i to j, a�t� is
the number of active neurons in the network at time t, K
is the global inhibitory weight, and h is the ®ring
threshold. Yj and Zj denote the excitation and ®ring
status of the postsynaptic neuron j at time t, respective-
ly. If a�t ÿ 1� � 0, then Yj�t� � 0; for all j.

Let a�t ÿ 1� � A, where A is very large, and assume
that the neurons ®re independently, which is generally
the case in large and sparsely connected networks (Minai
and Levy 1993a,b). Then, using the corollary in Ap-
pendix A, and employing a Gaussian approximation to
the binomial distribution and a hyperbolic tangent ap-
proximation to the error function (Minai and Levy
1993a, 1994), we conclude that the following equation
holds for the average ®ring probability qj:

qj �
1

2
1ÿ tanh

���
A
p

T

 !
�22�

where

T � 1

aÿ p

��������������������������
pp ÿ �1ÿ p�

2

r
where a � hK=�1ÿ h�E�xi�, assuming E�xi� is approxi-
mately identical for all i, and p is the probability that
cij � 1.

Equation (22) provides us with a recipe for setting the
parameter values to obtain a desirable activity level for a
recurrent nonlinear network with ®xed weights. Natu-
rally, the tighter the distribution of the synaptic weights,
the better an approximation (22) will be of the average
®ring probability of a recurrent nonlinear network with
time-varying weights.

7 Discussion

When working with a large system driven by stochastic
inputs, it is natural to describe system performance in
terms of statistics instead of a necessarily incomplete
listing of particular states that correspond to a particular
environment. In this report, we considered the relation-
ships between input and output neural activity and

Fig. 4. Percentage error estimate of mj as a function of E�Yj� and the
variance of the elements of E�XXT �. Each plotted value is the average
of 500 output neurons. The input environments consist of 8 (�), 16
((), 32 (4), 100 (e), or 400 (r) neuronal ®ring patterns. The
percentage error estimate of mj is calculated as jmj ÿ m̂jj=mj
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network connectivity. We restricted our analysis to
fractionally connected networks, where the synaptic
connections are feed-forward and excitatory, as we were
motivated by our research into biologically plausible,
adaptive mechanisms for the construction of such
networks. We found that the empirical average of input
correlations alone produces a relatively accurate number
of the input neurons needed to innervate an output
neuron with a prespeci®ed level of average activity.

We showed that the synapses of such a neuron will
take on values proportional to the dominant eigenvector
of the correlation matrix of the inputs after experiencing
a stationary, ergodic input for a long enough time; the
average activity of the neuron will be proportional to the
dominant eigenvalue of the same matrix.

Such statistical statements can be used by neurosci-
entists to gain a better understanding of natural networks.
For instance, nature may dynamically regulate the num-
ber of synapses innervating an output neuron so that the
neuron maintains some prede®ned average activity level.
(Di�erent neuron types in the di�erent areas of the brain
may have varying predetermined activity levels.) The
neuroscientist can test this hypothesis by altering input
neuron activities and measuring the subsequent changes
in network connectivity. To quantify the e�ect of this
experimental manipulation accurately however, a statis-
tical description of the network connectivity is needed.

The statistical relationships between network con-
nectivity and input/output activities are also of concern
from the engineering perspective. For example, design
limitations may limit the number of synaptic connec-
tions per neural element or the average number of active
elements. Engineers need to know the interaction be-
tween these design limitations and the networks' com-
putational characteristics. Limits on input activity or
synapse number may impose reduced activity levels in
the output elements. This may result in a loss of repre-
sentational information as measured by entropy or a
loss in computational capacity.

Ultimately, the research presented here provides the
scientist with a prescription for estimating various net-
work parameters through either analytical means or
simulations. The only piece of information that is
needed in the calculations is the summary statistics of
empirical correlations.
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Appendix A

In this section, we formally state the theorem of (4). A more de-
tailed version of the proof is found in Levy and Geman (1982). A
similar result for a slightly di�erent modi®cation rule was reported
in Oja (1982).

Theorem: Suppose that the following conditions are met:

[1] Wj�0� > 0 where the notation implies that the inequality holds
for every element of Wj.

[2] Ej�X� and Ej�XXT � are constant (that is, we assume that the
statistics of the environment are stationary over the time period
of interest).

[3] Ej�XXT � > 0.
[4] Ej�XXT � is positive de®nite.

Then,

lim
t!1Wj�t� �

cwe
1
j k

1
j

Ej�X�e1j
�23�

where k1j and e1j are the dominant eigenvalue and its associated

eigenvector of Ej�XXT �, respectively. Hence the weight vector Wj is
aligned with the dominant eigenvector as t!1.

Sketch of the proof: We begin our proof by ®rst establishing
some preliminary bounds on kWj k, Wj � E�X�, and Wj � e1j . Spe-
ci®cally, there exists a d > 0 such that

kWj k> d;Wj � E�X� > d kWj k and Wj � e1j > d kWj k;8t � 0

�24�
and

limt!1 kWj k<1 �25�
To prove (24), ®rst note that Wj�0� > 0)Wj�t� � 0; 8t � 0
(apply condition 3 of the theorem). Furthermore,

d
dt
kWj k2 � 2Wj � d

dt
Wj

� �
� 2 kWj k2 �cwk1j

ÿ kWj kk Ej�X� k� > 0

so that

limt!1 kWj k�
cwk1j
k Ej�X� k > 0

This implies the ®rst part of (24). Also note that condition 3 implies
Ej�X� > 0. Since Wj > 0; 8t � 0,

Wj � Ej�X� � � min
1� k� n

Ej�Xk �� kWj k

This establishes the second part of (24). The third part of (24)
follows similarly using the observation that e1j > 0.

Equation (25) is proven by ®rst expanding d
dt kWj k2, then using

the second part of (24) to prove that limt!1 � cwk1j=d.
Now our theorem is simply a consequence of two lemmata

about the asymptotic behavior of the angle and magnitude of the
weight vector Wj. The ®rst lemma

lim
t!1

Wj � e1j
kWj k � 1

demonstrates the alignment of the vector Wj with e1j .
The second lemma

lim
t!1 kWj k �

cwk1j
Ej�X� � e1j

provides the asymptotic length of the vector of synaptic weights.
The proofs of lemmata 1 and 2 are provided in the 1982 technical
report by Levy and Geman.

With lemmata 1 and 2 holding, limt!1�Wj � ek
j= kWj k� � 0;

8k 6� 1, since the set of eigenvectors fek
jg forms an orthonormal

basis. Consequently,

lim
t!1Wj � lim

t!1 kWj k
X

k

Wj � ek
j

kWj k e
k
j

� lim
t!1 kWj k

Wj � e1j
kWj k e

1
j � lim

t!1 kWj k e1j �
cwk1j e

1
j

Ej�X� � e1j
proving the theorem. (
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Corollary: For a recurrent nonlinear network, as modeled in
Sect. 6, (21) implies

lim
t!1Wj�t� � Ej�X�: (

Proof of the corollary: Multiplying both sides of (23) by Ej�XXT �
and using the eigenequation in Sect. 2 yields

lim
t!1Wj�t� � Ej�XYj�

E�Yj� : (

Appendix B

Proof of (12): Let the number of synapses mj be asymptotically
large, and assume that Ej�x2i � � f; 8i. Then the matrix Ej�XXT � can
be partitioned as follows:

Ej�XXT � � �mj ÿ 1�nA� B �26�
where

A �

0
Ej �x1x2 �
�mjÿ1�n

Ej �x1x3�
�mjÿ1�n � � � Ej �x1xmj �

�mjÿ1�n

Ej �x2x1�
�mjÿ1�n 0

Ej �x2x3�
�mjÿ1�n � � � Ej �x2xmj �

�mjÿ1�n

..

. ..
. . .

. ..
. ..

.

Ej �xmj x1�
�mjÿ1�n

Ej �xmj x2 �
�mjÿ1�n � � � Ej �xmj xmjÿ1 �

�mjÿ1�n 0

26666666666664

37777777777775
and

B �

Ej�x21� 0 0 � � � 0

0 Ej�x22� 0 � � � 0

..

. ..
. . .

. ..
. ..

.

0 0 � � � 0 Ej�x2mj
�

266666666664

377777777775
Since

Pmj

k 6�i
k�1 Ej�xixk � � �mj ÿ 1�n; 8i and

Pmj

i6�k
i�1 Ej�xixk � � �mj ÿ 1�n;

8k by (9), A is a stochastic matrix with a dominant eigenvalue of 1.
Recognizing that the diagonal matrix B has a repeated eigenvalue
of f, (26) implies that the dominant eigenvalue k1j of Ej�XXT � be-
comes

k1j � �mj ÿ 1�n� f �27�

Combining (5) and (27) ®nally gives the desired equation. (
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