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Abstract

Every legislature may be defined by a finite integer partition of legislative seats between
parties and a winning vote quota defining the minimum coalition size required to pass
decisions. In this paper we explore the finite set of integer partitions of legislatures,
categorizing all legislatures as one of five basic types. As legislatures approach the
partition thresholds between these categories, they approach the thresholds for changing the
set of winning coalitions. The criteria defining such partitions of legislatures thus define
important thresholds for shifting the legislature from one bargaining environment to
another. These different bargaining environments will generate different bargaining
expectations for at least some of the set of parties, which in turn may create incentives for
defections of legislators from one party to another, in order to shift the legislature from one
bargaining environment to another and thereby create a gain in bargaining expectations for
the switching legislator and the party to which she defects. The paper proceeds in five
parts. First, we develop a theoretical categorization of legislatures into those likely a priori
to have different bargaining environments. Second, we analyze the role of a particular type
of party that is especially privileged under particular integer partitions of a legislature,
which we call a k-dominant party. Third, we examine the category frequencies and partition
characteristics in a “metadata” set that contains to universe of all logically possible integer
partitions of seats between up to ten parties in a 100-seat legislature. Fourth, we examine
similar patterns in real legislatures, linking the categories to outcomes such as control of
the prime minister and single-party minority government. Finally, we explore the extent to
which all of this helps us to explain party switching by individual legislators.

* Prepared for presentation at the Workshop on Party Switching, July 10-14, 2005, University of Virginia,
Charlottesville, Va. With heartfelt thanks to Macartan Humphries for invaluable comments on an earlier draft.
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1. INTRODUCTION

The argument in this paper is driven by a very simple intuition. This is that every
legislature is in one sense defined by an integer partition of a finite number of legislative
sets between parties and a winning quota; winning any legislative vote requires the tacit or
explicit assent a coalition of legislators whose number must exceed this quota. This
remains true whether the legislative proposal voted on concerns the setting of public policy,
the allocation of public offices, or indeed the distribution of pork. If some coalition of
legislators is one vote short of the winning quota, then this is the same as being many votes
far short of the quota, and very different indeed from having one extra vote and reaching
the winning quota. This means that the set of integer partitions that describes the universe
of possible legislatures is itself partitioned into categories. There are pairs of such partitions
such that reallocating one vote from one party to another — which we call a “minimal
integer repartition” — causes the legislature to move from one category to another, and by
implication from one bargaining environment to another, since the set of winning coalitions
is changed. The criteria defining such partitions of legislatures thus define important
thresholds, whereby a minimal integer repartition shifts the legislature from one bargaining
environment to another. These different bargaining environments will, almost by definition,
generate different bargaining expectations for at least some of the set of parties (in a sense
we make more precise below). This in turn may create incentives for defections of
legislators from one party to another, to bring about the minimal integer repartition that
shifts the legislature from one bargaining environment to another and thereby creates a gain
in bargaining expectations for the party to which the legislator defects, which gain can be
shared between the receiving party and the defector. In this sense, legislature close to
category-defining thresholds should be more prone to defection and party-switching than
legislators that are far away from them, for which no individual defection changes the
parties’ bargaining expectations. The overall aim is to identify legislatures that will be
prone, in this sense, to party switching by legislators, and which parties are likely to attract
such defections. We focus in this paper on minimal integer repartitions — defection by
individual legislators — leaving for later work an analysis of the collective action problems
involved in the defection en masse of coalitions, of factions, of legislators.

The argument proceeds in five parts. First, we develop a theoretical categorization
of legislatures into those likely a priori to have different bargaining environments. Second,

we analyze the role of a particular type of party that is especially privileged under
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particular integer partitions of a legislature — which we call a A-dominant party. Such
parties are much more likely to have super-proportional constant-sum bargaining weight, as
well as being much more likely to be median on any arbitrary policy dimension. Third, we
look at the incidence of the various legislative categories, and of k-dominant parties, in a
“metadata” set that contains to universe of all logically possible integer partitions of seats
between up to ten parties in both 100-seat and 101-seat legislature. The number of these is
large but not infinite and we have generated them all. Fourth, we look at the incidence of
the various legislative categories, and of dominant parties in real legislatures, showing that
our classification of legislatures very much helps us to explain circumstances in which the
largest party controls the position of prime minister, and in which the largest party is able
to government alone as a one-party minority government. Finally, we explore the extent to

which all of this helps us to explain party switching by individual legislators.

2. A PRIORI CLASSIFICATION OF LEGISLATURES USING SIMPLE INTEGER
ARTIHMETIC

2.1 Notation and terminology

Any state of any legislature can be described as the partition of a constant M seats between
N well-disciplined parties or factions. In this context a well-disciplined party or party
faction can be defined as a set of legislators who are affiliated to the same party or faction
and who can be expected — for reasons to do with the modeling of intra-party politics that
we do not investigate here — to vote in the same way on each of the set of matters to be
determined by the legislature. For simplicity in what follows, a “well-disciplined party or
faction” is called a “party”. Let the set of N parties be {P;, P,, ... P,} and without loss of
generality order the parties by the number of seats each party controls. Write a coalition
between P, and P, as P.P,. Let the number of seats controlled by Party i be S;. Thus S; > S
> ... =28, Let the winning quota for making legislative decisions, that is the number of
legislative votes needed to pass a decision, be W. All quantities {M, W, S;, S,, ... S,} are
integers. Require the winning quota to be decisive in the sense that, if some coalition, C, of

legislators is winning then its complement, C’, is losing.! The winning quota must thus be a

"If the winning threshold is not decisive in this sense, as it always is in actual legislatures, then two utterly
contradictory legislative motions could be passed at the same time.
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least a simple majority of legislators (W > M/2), though most of what follows does not

constrain W to be a simple majority.

2.2 Legislatures with a single winning party

Different partitions of M seats between N parties in a legislature with a winning threshold
W create different decision-making environments, which can be described in terms of the
sizes of the largest parties in the system relative to W. The best known of these
environments arises when S; > W. Since W is decisive, S> < W. There is a single winning
party, which must be the largest, and this party can control all legislative decisions.”

Since this legislative environment is rather well understood, we do not consider it
further in itself. It is nonetheless worth noting that, in a dynamic environment where
legislators may switch parties or form new parties — in other words when the party
affiliation of legislators is endogenous — a legislature controlled by a single winning party
may not be in steady state. For the most part in what follows, however, we explore
decision-making in legislatures for which S; < W. In such legislatures, a coalition of two or

more parties is required to assemble the votes needed to achieve the winning quota.

2.3 Legislatures with a strongly dominant party

Even in a legislature for which S; < W, legislative arithmetic may put the largest party in a
privileged position. One concept from the literature on co-operative game theory that has
already attracted some attention and characterizes this privileged position is that of a
“dominant party”. A dominant party is defined as a party P, such that there is at least one
pair of mutually exclusive losing coalitions excluding P, each of which P; can join to
make winning, but which cannot combine with each other to form a winning coalition. The
intuition is that a dominant party can play off the two losing coalitions against each other
while these coalitions, not being winning even if they join forces, cannot combine to put

pressure on the dominant party. It has been shown that the dominant party must be the

2 Even if there are only two parties it may not be the case that S; > W if W is greater than a simple majority; if
S; < Win this context there will be no winning party.
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largest party. (For this result, plus general definitions and discussion of the dominant party,
see Peleg, 1981; Einy, 1985; van Deemen, 1989; van Roozendaal, 1992).

Laver and Benoit (2003) show that dominant parties tend strongly to have higher
(super-proportional) bargaining power, in the sense of being essential members of more
winning coalitions and measured using the Shapley value, than non-dominant parties of the
same size. They also showed analytically that, for any dominant P;, it must be true that S; >
W72 This is the first of a number of results that focus our attention on #/2 in addition to
w.

The definition of a dominant party refers to mutually exclusive losing coalitions
made winning by adding the largest party, P;, but the intuition is much more striking if we
think in terms of individual losing parties. Define a “strongly dominant” party, P;, as one
for which there exist two other parties P; and P; for which S; + S; > Wand S, + S; > W and
S; +S; < W. Thus a strongly dominant party is one made dominant by joining with losing
parties to form winning coalitions, as opposed to joining with losing coalitions of parties.
Define a “weakly dominant” party as a party that is dominant but not strongly dominant. In
other words a weakly dominant party is a party made dominant only by being able to join
mutually exclusive losing coalitions of parties to make these winning.

The simple integer arithmetic of legislative decision-making allows us to infer quite
a lot about a legislature with a strongly dominant party. First, note that since any party can
be described as a coalition of one party, any strongly dominant party also satisfies the
conditions for being a dominant party and has the characteristics of a dominant party.
Hence a strongly dominant party must be the largest party, P;. Furthermore, for any
strongly dominant P;, it must be that S; > W/2.

Second, note that if two non-winning parties, P; and P;, ranked by size, render P,
strongly dominant because S; +S; > Wand S; + §; > Wand S; + S; < W, then P, and P;
also render P; strongly dominant. Since S; > S3 > §; > §;, if the first two conditions strong
dominance hold for S; and S, they hold a fortiori for S, and S3. To see that the third
condition also holds, note that if P;P; is winning then its complement (P;P;)’ is losing. For
any j > 3, P,P; is a subset of (P;Pj)’ and thus S, + S3 < W. Thus, if the defining

inequalities of strong dominance are fulfilled for any P;, P; and P;, they are fulfilled for P,

? Consider a pair of mutually exclusive losing coalitions, {C C*}, each of which excludes P; but can be made
winning by adding P, P, is dominant by definition iff'S. + S.« < W and S; + S. > Wand S, + S.» > W. Imagine
S; < W/2. This implies S. > W/2 and S.« > W/2. This implies S, + S.- > W. Contradiction. It must be that S; >
W/2 if P, is dominant.
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P, and P; In other words, the inequalities S; + S, > Wand S; + S; > Wand S, + S; <W
are necessary and sufficient conditions for P; to be strongly dominant. The sizes of the
three largest parties determine whether any party is strongly dominant.

Third, note that P; strongly dominant implies a constraint on the size of S;. Since .S>
+ .83 < Wand S, > S; if Py is strongly dominant, then S; < W/2. Indeed this is a necessary
condition for P; to be strongly dominant. This is the second result that focuses our attention
on W/2 in addition to W.

Fourth, note that P; strongly dominant implies that both P, and P; must be
members of any winning coalition excluding P;. Since the coalition P;P, is winning by
definition of strong dominance, its complement (P;P,)’ is losing. Thus (P;P,)’ must add
either P; or P, to become winning. If it excludes P; it must add P,. Thus if P; is strongly
dominant, any winning coalition excluding P; must include P,. An identical argument
applies to P;. This highlights the special position of a strongly dominant P, since there are
severe constraints on any coalition that excludes it.

Fifth, note that that P; strongly dominant implies that P; and only P; is a member
of every two-party winning coalition. Since the largest possible two-party coalition
excluding P;, which is P,P;, is losing, then every possible two-party coalition excluding P;
is losing. This is another aspect of the privileged position of a strongly dominant P;.

To summarize the argument so far, some simple arithmetical constraints give us
strong intuitions about the distinguished position of a strongly dominant party. Any time a
strongly dominant P; is excluded from a winning coalition, both P, and P; must be
members of that winning coalition. But P; can form a winning coalition with either P, or
P;. Any two-party winning coalition must include a strongly dominant P;. According to
almost any conceivable model of legislative decision-making, P; can thus make offers to
both P, and P;, to induce them to break any of the potentially many winning coalitions
from which P; is excluded, and these offers can be implemented by the winning coalitions
PP, and P;P; without recourse to any other party. The constrained legislative arithmetic
means that no party other than P; can be in this privileged position. We shall see below that
these results are empirically significant because legislatures with strongly dominant parties

are actually rather common in the real world.

2.4 Legislatures with a k-dominant party
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We can go beyond the conclusions in the previous section, however. There are increasing
levels of strong dominance for the largest party. Having defined strong dominance in terms
of the sizes of the top three parties, consider how far down the rank order of parties we can
go, combining the largest party with party P, such that S; + Sy > W, while S> + §; < W.
The limiting case arises when the largest party can form a majority coalition with any of
the other parties, while S, + S; < W.” Call such a party “system-dominant”. In such a case,
using a similar argument to that which showed that any winning coalition excluding a
strongly dominant P; must include both P, and P;, we can see that any winning coalition
excluding a system-dominant party must include all other parties. Indeed, this is a
necessary and sufficient condition for system dominance.

More generally, we can think of a largest party as being k-dominant if the smallest
party with which it can form a majority coalition, subject to S, + S5 < W, is P;.” A strongly
dominant P; must be at least 3-dominant, being able to form winning coalitions with at
least P, and P;. A system dominant P; in an n-party system must be n-dominant, being able
to form winning coalitions with each of the other parties. A straightforward extension of
the proof that any winning coalition excluding a strongly dominant P; must include both P,
and P; implies that any winning coalition excluding a k-dominant party must include all

parties from P; to P,°

2.5. Partitioning the universe of all possible legislatures

The definition of strong dominance and the distinctive decision-making environment
generated when there is a strongly dominant P;, depend on the sizes of the three largest
parties relative to W. More generally, we can exclusively and exhaustively partition the
universe of all possible legislatures using a set of inequalities describing the relative sizes
of the three largest parties and W, and each cell in this partition seems likely to generate a
different decision making environment. This partition is described using a dendrogam in
Figure 1. Reading this from the top, the universe of possible legislatures can first be
partitioned according to whether S; > W or S; < W. In the former case, as we have already

noted, there is a single winning P, in the latter there is not.

* For example, in a 100-seat legislature with a simple majority rule, this would arise if the partition of seats
between 6 parties was (40, 12, 12,12, 12, 12)

5 That is, P, is k-dominant if S, + S; < Wand S;+ S, > Wand S; + Sp.; < W

® Since P, Py is winning, (P,Py)’ is losing, thus (P;P,)’ must add either P; or P, to be winning.
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The set of legislatures for which S; < W can then be partitioned according to

whether S; + S >Wor S; + S, < W.

The set of legislatures for which S; < Wand §; + S, > W can then be further
partitioned according to whether S; + S; > Wor S; + S; < W.

The set of legislatures for which §; < Wand S; + S; >W and S; + S; > W
can then be further partitioned according to whether S, + S; > Wor S, + S;
<W.
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Figure 1: A partition of the universe of all possible legislatures

Universe

/N\

S;2w Si<w

S:+S,z2W S;+S,<wW
S1+332W S1+S3<W
S, +S;2W
CASE A CASEB CASEC CASED CASEE
P, strongly Top-three Top-two Open
P;winning dominant system system system
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The net result, shown at the bottom of Figure 1, is a set of five exclusive and exhaustive
partitions of the universe of possible legislatures, described as Case A to Case E. Every
possible legislature fits one of these five cases. Since the partitioning in Figure 1 always
makes the leftmost of the two inequalities the one that is more favorable to P;, the cases
can be read from A to E in terms of the distinguished position of the largest party. As we
have seen, Case A legislatures arise when there is a single winning P;, while the
inequalities defining Case B legislatures are those defining a strongly dominant P; As we
will now see, each of the other three cases also defines a distinctive decision making

environment.

2.6 Case C: “Top-three” systems

Case C legislatures arise when no one, but any two, of the three largest parties can form a
winning coalition. We can thus think of these as “top-three” systems. Defining a “pivotal”
party as a party that can turn at least one losing coalition into a winning coalition by joining
it, a very striking feature of any top-three system is that no party outside the largest three is
ever pivotal. In other words no party outside the top three in a Case C legislature ever
makes the difference between winning and losing a legislative decision.

This is because, by definition of a Case C legislature, any coalition excluding two
of the top three parties is losing. Thus if P,P; is winning this implies that its complement,
(P>P3)’, the coalition between P; and all parties outside the top three, is losing. Similarly,
P;P; winning implies (P;P;)’ losing, and P;P, winning implies (P;P,)’ losing. Thus no
party outside the top three can render winning a coalition excluding two of the top three
parties, since every such coalition must be losing. Yet, by definition of the case, every
coalition including two of the top three parties is winning regardless of the addition or
subtraction of another party outside the top three. In a nutshell, in a top-three system, only
the three largest parties have any impact at all on legislative decision-making since no other
party is ever pivotal.

Note that S> + S3 > W, the key inequality distinguishing Case C from Case B,
implies that S, > W/2 since S, > S; . Indeed S, > W/2 is a necessary condition for a top-

three legislature. This is the third result focusing our attention on W/2.
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Since, S; + S; > W, this in turn implies that §; + S, + S; > 3W/2. The top three
parties must control one and a half times the winning threshold in a Case C legislature.
Thus a top-three legislature can never arise when the winning quota is higher than two-
thirds of total seats.

Finally, note that there is no natural extension of the notion of a “top-three”
legislature to that of a “top-four” legislature and beyond. Four parties cannot all find
themselves in the same position in this sense at the top of the system. S, + S; > W implies
S; + 84 < W. Thus no symmetrical set of inequalities can be constructed to define a “top

four” system based on sets of two-party winning coalitions.’

2.7 Case D: “Top-two” systems

Case D legislatures arise when the P; and P, can form a majority coalition but P; and P;
(hence P, and P;) cannot. In this case, P;P; is the only two-party winning coalition, since
PP;, the next-largest two-party coalition, is losing. This implies that in a Case D
legislature one or other of the two largest parties is a member of every winning coalition.
Thus we can think of Case D as a “top-two” legislature. Since the one of the crucial
inequalities defining a top-two legislature is that S; + S3 < W, we know that it must be true
that §; < W/2; indeed this is a necessary condition for a top-two legislature. This is the
fourth result focusing our attention on W/2.

The salient feature of a top-two legislature is that one or both of the two largest
parties is essential to any winning coalition, and that this is only true for the two largest
parties. This does not however mean that the top two parties must have an equal role in
parliamentary decision-making, since it is quite possible for S; + S3+ S, > Whbut S, + S; +
Sy < W, giving P; more options that P,.* Nonetheless P; and P are at the “top” of a Case
D legislature in the sense that one or the other of them must be a part of every legislative
majority, while they and only they can form a winning coalition between themselves that

excludes all other parties.

7 Note that the case in which there are four parties, all of equal weight, falls into Case E. Analogous
symmetrical sets of inequalities can be constructed, for legislatures with more than five parties, involving sets
of three-party winning coalitions comprising any three of the top five parties, etc.. These generate subsets of
Case E.

¥ For example, in a 100-seat legislature with a simple majority rule, this would arise if the partition of seats
between 6 parties was (35, 20, 13, 12, 10, 10). Thus there are subsets of Case D that somewhat privilege the
largest party.
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When the winning threshold W is a simple majority of the legislature, and thus W-1
< M/2, we note that there must be at least five parties in a top-two legislature. Imagine
there were three parties. If S; < W then S, < W and under the simple majority threshold S;
+ S3 > W, contradicting the Case D inequalities. Imagine there were four parties. If S> + S;
< W, then S; + S; > W under a simple majority threshold. But by the definition of the case
S; +S; < W. Hence S; + Sy < W. Contradiction. It is easy to construct examples of five-
party Case D legislatures for which 77 is a simple majority.” This result demonstrates that
that any model of legislative decision-making using a simple majority decision rule that
cannot accommodate a legislature with at least five parties does not cover all possible

legislative cases.

2.8 Case E: “Open” systems

The defining characteristic of a Case E legislature is that a coalition between the two
largest parties is losing and thus there is no winning two-party coalition. Since the one of
the crucial inequalities defining a Case E legislature is that §; + S, < W, we know that it
must be true that S> < W/2; indeed this is a necessary condition for a Case E legislature and
is the fifth and final result directing our attention to W/2. In such a legislature it is never
possible for some party, Py, that is excluded from some winning coalition to tempt a single
pivotal member, P,, of that coalition with an offer that can be implemented exclusively by
Py and P,. This is because P, P,, as a two-party coalition, must be losing. In this case what
is striking and distinctive is that even the largest party must deal with coalitions of other
parties — and the potential collective action problems within such coalitions — in order to
put together a winning coalition.'® To go further in such a situation we would need a more
explicit model of bargaining between parties and collective action within coalitions of
parties. For this reason, we call a Case E legislature an “open” system. In every case other
than an open system, if the largest party does not win on its own, it can win by forming a

coalition with no more than one other party.

2.9 W72 as a threshold between legislative types

? For example, in a 100-seat legislature with a simple majority rule, this would arise if the partition of seats
between 5 parties was (35, 30, 13, 12, 10).
' Thus note that the largest party may be weakly dominant in an open system.



Integer arithmetic of legislative dynamics / 13

Putting together a number of the conclusions we have reached above we note, intriguingly,
that /2 is an important threshold for individual party sizes when partitioning legislatures
between cases. First, consider what must be true when §; < W/2. By definition, the
legislature cannot be in Case A. We have also seen that it cannot be in Case B. In fact in
cannot be in Cases B, C or D, all of which require S; + S> > W, impossible if S; < W/2.
Thus if S; < W/2 then the legislature must be in Case E, an open legislature. Indeed this
is a sufficient, though not a necessary, condition for an open legislature."’

Second, consider what must be true when S3 > W/2. This implies S> > W/2 and
hence S; +S3 >Wand S; +S; >Wand S; + S, > Wand S; < W. Thus we know that we
cannot be, respectively, in Cases B, D, E or A. Since Cases A — E exclusively and
exhaustively partition the universe, if S3 > W/2, then the legislature must be a Case C
“top-three” system. This is a sufficient, though clearly not a necessary, condition for a top-
three legislature.'

Thus the individual sizes of both the largest and third-largest parties, relative to
W/2, act as significant thresholds at the boundaries between legislative types. If the largest
party drops below W/2 in size, we are certain to be in an open system, while the third
largest party being larger than /2 guarantees that we are in a top-three system. The impact
of the size of the second largest party is less striking, although we know that we are not in a
top-three system if S, < W/2, nor in an open system if S, > /2. A wide range of sizes for
the second largest party can be consistent with being in Cases A, B or D.

While it is conventional to analyze allocations of legislative seats between parties in
terms of the sizes of individual parties or coalitions of parties relative to the winning
threshold, it is less obvious that the sizes of the top three parties, relative to half the
winning threshold, might have a major impact on the legislative decision-making
environment. Yet, when we consider the simple arithmetic of legislative decision-making,
W72 defines an important threshold between types of legislative decision-making
environment. When one of the top three parties crosses this threshold, it is quite possible
that the legislature will be flipped from one case to another and significant discontinuities

in legislative decision-making will arise.

"' To see it is not necessary, consider a 100-seat legislature with a simple majority rule, an open legislature
would arise if the partition of seats between 5 parties was (30, 18, 18, 17, 17).

12 An obvious example of a top-three 100-seat legislature with a simple majority rule would arise if the
partition of seats between 3 parties was (49, 49, 2).
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2.10: Legislative types and public policy decisions

So far we have considered no aspect of the substance of decisions that might interest
legislative parties. It is easy to show, however, that the different legislative environments
identified by the partitioning of legislatures set out in Figure 1 have an important bearing
on decision-making on any one-dimensional policy issue — that is any issue to be decided
for which legislative party preferences can be described in terms of positions on a single
dimension. This is because the constraints defining the five cases set out in Figure 1 impose
very different, and sometimes very striking, constraints on the identity of the party
containing the “median” or “pivotal” legislator on an arbitrary policy dimension — this is a
dimension for which we do not know a priori the ordering of party positions. Note that the
notion of a “median”, as opposed to “pivotal”, legislator implies a simple-majority winning
threshold. This section thus presents the stronger results that can be derived for legislative
decision-making using a simple-majority winning threshold.

Obviously and trivially in Case A, with a single winning party, the median
legislator on every conceivable policy dimension must be a member of the largest party.

Knowing that we have a Case B legislature with a strongly dominant party,
however, we also know a great deal about the location of the median legislator on an
arbitrary issue dimension. Most obviously, consider the subset of cases in Case B where
there is a “system-dominant” party — a party that can form a winning coalition with every
other party. It is clear that a system-dominant party must contain the median legislator on
any issue dimension for which it does not occupy one of the two most extreme party
positions. The probability that a system dominant party is median on an arbitrary issue
dimension is thus (N-2)/N. This follows directly from the definition of system dominance.
A system dominant party can form a winning coalition with a party located on either side
of it on an arbitrary issue dimension. Only for a dimension on which there is no party on
both sides of it is a system dominant party not median. Furthermore we also know that,
when there is a system dominant party located at one extreme of the issue dimension under
consideration, the median legislator must belong to the party adjacent to the system
dominant party. This follows directly from the fact that a coalition between a system
dominant party and any other party is winning.

Thus the universe of all conceivable policy dimensions that could possibly be

considered by a legislature with a system-dominant party can be partitioned into two
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subsets, defined by whether or not the system dominant party controls the median
legislator. One subset, D, comprises all conceivable issue dimensions on which the system
dominant party is not first or last in the ordering of party positions on the dimension. 4
system dominant party controls the median legislator on every issue dimension in D.
Thus, regardless of the issue positions of all other parties, a system dominant party is at
the generalized median of every issue space constructed only from issues in D.

The other subset, D’, comprises all conceivable issue dimensions on which the
system dominant party is either first or last in the ordering of party positions. In this case,
as we have seen, the median legislator belongs to the party ranked next to the system
dominant party on the dimension in question. Overall, even when there is an infinite or
indefinite number of issue dimensions that might form the basis of legislative decisions, the
median legislator must be controlled either by a system-dominant or by the party
adjacent to it on the issue to be decided, regardless of the issue positions of all other
parties.

If a P; is strongly dominant in a Case B legislature, then by definition it can form
majority coalitions with both P, and P;. From this it follows that, if P, and P; are on
opposite sides of a strongly dominant P; on the policy dimension under consideration,
then P; contains the median legislator, regardless of the issue positions of all other
parties. If P, and P; are on the same side of P; on the policy dimension under
consideration, then the median legislator will be located on the interval between P; and
either P; or P3, whichever is closest on the dimension in question to P;.

Again implies that the universe of all conceivable policy dimensions that could
possibly be considered by a legislature with a strongly dominant party can be partitioned
into three subsets, defined by orderings of the top three parties. One subset, D;, comprises
the set of issues for which a strongly dominant P; is located between P, and P;. We know
that P; controls the median legislator on every conceivable issue dimension in D, and is
thus at the generalized median of any issue space comprising only issues from D,
regardless of the issue positions of all other parties. The second subset, D, comprises the
set of issues for which for which P, is located between P; and P;, where we know the
median legislator is on the interval P,;P,. The final subset, D3 comprises the set of issues
for which for which P; is located between P; and P,, where we know the median legislator
is on the interval P;P;.

This type of partitioning of the infinite universe of conceivable issue dimensions

generalizes straightforwardly to the notion of A-dominance. The universe of all conceivable
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policy dimensions that could be considered by a legislature with a k&~-dominant party can be
partitioned into & subsets, K;, K, ... K, One subset, K;, comprises the set of issues for
which a strongly dominant P; is located between some pair of members of {P,, P; ... P;}.
We know that P; controls the median legislator on every conceivable issue dimension in
K;, and is thus at the generalized median of any issue space comprising only issues from
K;, regardless of the issues positions of all other parties. Thus D for a system-dominant
party is a special case of K; where k = n, while D; is a special case where k=3. Generally,
the larger is k, the more likely, other things being equal, that a strongly dominant P; is
located on an arbitrary dimension between some pair of members of {P,, P; ... Pi}.

The possibility of partitioning the universe of possible issue dimensions in this way
also has implications for long-term coalitions between parties that might be formed to
control decisions on a large set of issue dimensions that might arise during the lifetime of a
legislature, for example government coalitions negotiated in an issue space of infinite or
indeterminate dimension. Even an infinite number of actual or conceivable issue
dimensions in a Case B legislature with a k~-dominant party can be tied into just a few
bundles, K;, K> ... K; If the largest party is interested only in issues in Kj, the relative size
of which is likely to increase as k increases, then it has no need to form a long-term
coalition with any other party since it controls the median legislator on all issues in Kj,
regardless of the issue positions of all other parties. Recall that K; is the set of all issues for
which a k-dominant party is not the most extreme of the set of parties with which it can
form two-party winning coalitions. If the largest party is interested in issue dimensions on
which it has a relatively extreme position in this sense, then these dimensions must be in K,
... K;, and the largest party will easily be able to identify the other party or parties with
which it may wish to engage in logrolling. Depending on the precise model of government
formation deployed, this logrolling may or may not manifest itself in a long-term
government coalition.

We can also make quite strong statements about the location of the median
legislator in a top-three legislature. Since no party outside the top three can be pivotal, we
know that the median legislator on any conceivable policy dimension must belong to one of
the top three parties. In fact we know much more than this. Ordering the preferences of just
the top three parties on an arbitrary issue dimension, the inequalities defining a top-three
legislature mean that the median legislator must belong to the most central of the three
largest parties, regardless of the issue positions of all smaller parties.. If the three largest

parties are ordered P, P, P, on some dimension, then we know from the Case C
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inequalities that P, + P, > W. Thus the median legislator cannot be either to the left, or to
the right, of both P, and P, and must be on the interval P,P,. We also know that P, + P.>
W and thus that the median legislator is on the interval P,P,. Since the parties are ordered
P, Py, P., these intervals intersect only at P, and it follows that P, controls the median
legislator. In a nutshell, if we have a Case C legislature, we know that the median legislator
on any conceivable policy dimension will belong to the middle party of the top three on
that dimension.

This further implies that the infinite universe of all conceivable issue dimensions
that could possibly be considered by a top-three legislature can be partitioned into three
subsets, T, T; and T3, defined by which of the top three parties (P;, P> or P3) controls the
median legislator. This in turn means that P; in a top-three legislature controls the
generalized median in any multidimensional issue space constructed solely from issue
dimensions in T; P, and P; are in equivalent positions with respect to 7> and 73,
respectively.

Knowing that we have a Case D, “top-two”, legislature, we know that the median
legislator must be located on the interval between P; and P, on any conceivable issue
dimension, regardless of the issue positions of smaller parties. This follows
straightforwardly from the fact that P;P, is a winning coalition. On any conceivable policy
dimension, therefore, the median legislator cannot be either to the left or to the right of both
P; and P». This is much less of a constraint on the location of the median legislator than in
the previous three cases — indeed if P; and P, are at opposite ends of some issue dimension,
it is no constraint at all.

Since the definition of a Case E legislature is that all two-party coalitions between
the three largest parties are losing, this definition imposes no new constraint upon the
location of the median legislator.13

Overall, the most striking pattern to emerge from this discussion is that the simple
integer arithmetic of legislative voting increasingly constrains the location of the median
legislator as we move “leftwards” from Case E to Case A. Obviously, in Case A with a
single winning party, the legislative numbers absolutely constrain the location of the
median legislator, on any arbitrary issue dimension, to be the location of the largest party.
In Case B, a k-dominant party controls the median legislator on any multidimensional issue

space comprising only issues from Kj, the set of issues on which it is not at the extreme of

13 Although further inequalities dealing with the sizes of parties outside the top three may impose such
constraints.
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the set of parties with which it can form two-party winning coalitions. This set is likely to
increase in relative size as k increases. As we move through Cases C, D, and E, constraints
on the location of the median legislator decrease. Only for the open legislature in Case E,
however, does the legislative arithmetic, seen in this context as the sizes of the three largest

parties relative to 7, impose no constraint on the location of the median legislator.

3. CASE CLASSIFICATIONS IN THE UNIVERSE OF 100- AND 101-SEAT
LEGISLATURES

It is clearly interesting to characterize the relative frequency of the different legislative
types, as defined above, and the relative bargaining advantage of different types of party in
different types of legislature. In the following section we investigate these matters for real
legislatures. In this section we investigate them for an arbitrary (random) legislature. To do
this, we generated the universe of possible non-equivalent integer partitions of 100 (and
101) legislative seats between up to ten parties. For a description of how we created this
“metadata” set, see Laver and Benoit (2003).'* Table 1 reports the classification of
legislative cases in the universe of possible 100-seat legislatures with up to ten parties and a

simple majority winning quota of 51 seats.

Table 1: Frequencies of legislative cases in universe of possible 100-seat legislatures

N. of Case A Case B Case C Case D Case E Total
parties

3 600 25 208 0 0 833
4 3,364 2,136 1,628 24 1 7,153
5 11,222 18,314 4,950 2,990 749 38,225
6 25,949 68,681 8,778 26,558 13,281 143,247
7 45,958 160,331 11,094 103,132 86,739 407,254
8 66,877 275,477 11,272 251,095 326,191 930,912
9 84,074 383,84