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Abstract

The discovering of low dimensional manifolds in high dimensional data is

the main goal of manifold learning. We propose a new approachto identify

the e�ective dimension (intrinsic dimension) of low-dimensional manifolds that

summarize underlying structure in the data. The scale spaceviewpoint is the

key to our approach enabling us to overcome the challenge of noisy data. Our

approach �nds the e�ective dimensionality of the data over all scales, without

any prior knowledge. Our approach has better performance compared with

other methods especially in the presence of relatively large noise.
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1 Introduction

High-dimensional data sets can have meaningful low dimensionalstructures hidden

in the observation space. In many cases of interest, a high dimensional data set lies

on or near an embedded submanifold. Loosely speaking, thee�ective dimensionality

of the data is the lowest dimensional manifold that the data lieon or nearly lie on.

Principal components and related methods have been workhorse approaches to

data sets whose low-dimensional underlying structure is linearor can be approximated

linearly. In this paper, the more general and challenging problem of �nding low-

dimensional nonlinear structure is addressed. Finding nonlinear underlying structure

has been called \manifold learning" and motivated by work onmedical images, vision

in (Young and Yamane 1992; Turk and Pentland 1991), motor control in (Bizzi,

Mussa-Ivaldi, and Giszter 1991), speech in (Elman and Zipser 1988), and a broad

range of other physical and biological sciences.

Several approaches have been devised to address the problem of�nding low-

dimensional nonlinear structure in data, Principal Curve Analysis (Hastie and Stuet-

zle 1989), Isometic Feature Mapping (ISOMAP) (Tenenbaum, de Silva, and Langford

2000), Local Linear Embedding (LLE) (Roweis and Saul 2000),Laplasian eigenmaps

(Belkin and Niyogi 2002), Hessian-based Locally Linear Embedding (HLLE) (Donoho

and Grimes 2003), and others. These methods share the advantages of classical linear

methods like Principal Component Analysis (PCA) (Jolli�e 2002) and Multidimen-

sional Scaling (Cox and Cox 2001), which are computationallye�cient, have few free
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parameters, and can be computed using a non-iterative global optimization of a nat-

ural cost function. In addition, they have the ability to recover the intrinsic geometric

structure of a broad class of nonlinear data manifolds. In otherwords, they preserve

the geometry of the data. Shepard, in 1974, addressed a method to determine the

proper number of dimensions, whose idea is similar to ISOMAP. It can deal with the

data which only have similarity measures, i.e. a nonmetric pairwise distance among

the data. He pointed out that it was feasible to �nd the intrinsic dimension of the

data particularly in cases of relatively noise-free data.

Most of these methods map high dimensional data into a single global coordinate

system of lower dimensionality. For Local Linear Embedding (LLE) and Laplacian

eigenmaps, the user must specify the dimension of the submanifold which the data

might lie on. A recent LLE variant provides a heuristic estimate of dimension. In

addition to giving a low dimensional representation, the ISOMAP algorithm visually

gives the estimated dimensionality of the data by providing error curves.

Noisy data are very challenging to most manifold learning methods described

above. Most of them are based on parameters, called the neighborhood size or the

size of the� -ball. Choosing the correct value of such parameters is critical to either

get the correct estimated dimensionality of the data or to �nd areasonable low dimen-

sional representation (Balasubramanian and Schwartz 2002). When the data have no

noise or the noise level of the data is relatively small, there isa relatively large range

of neighborhood size values which enable these nonlinear dimensionality reduction

methods to work well. When the noise level increases, the range of useful neighbor-
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hood size values decreases. For relatively high noise levels, it can be impossible to

�nd any useful value of neighborhood size.

The dimension of the embedding is a key parameter of most these methods. The

current dimension estimating methods can be roughly divided into two groups, the

eigenvalue methods and the geometric methods. Eigenvalue methods are based on

either PCA (Fukunaga and Olsen 1971) or local PCA (Bruske and Sommer 1998).

PCA can be very ine�ective for nonlinear data. Local PCA depends heavily on

the choice of local region and threshold. The geometric methods are mostly based on

fractal dimensions or nearest neighbor distances. Details can be found in (Grassberger

and Procaccia 1983; Camastra and Vinciarelli 2002; Costa and Hero 2004). The

statistical properties have been studied in (Levina and Bickel2005). The geometric

methods mostly depend on the choice of nearest neighbor. A dataset can have

di�erent e�ective dimension at di�erent scales in the presenceof noise. Figure 1.1

shows two toy data sets. Plot (a) shows the data randomly drawn from the Swiss roll.

The Swiss roll is a 2-d submanifold embedded in a 3-d space and canbe thought of as

wrapping a piece of rectangular paper. Plot (b) shows the datarandomly drawn from

the same Swiss roll plus 3-d Gaussian noise. The noisy Swiss roll datacan be viewed

as either 2-d or 3-d depending on scale. At coarse scales the noiseis negligible, so the

data are essentially 2-d. At �ne scales the 3-d noise dominates, so no 2-d structure

is present. In Kega (2002), the dimension was estimated at several scales and based

on the fractal dimension. However, the signi�cance of the estimated dimension at

di�erent scales has not yet been studied.
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(a) Swiss Roll without noise (b) Swiss Roll with noise

Figure 1.1: (a) shows the data randomly drawn from the Swiss roll. (b) shows the

data randomly drawn from the same Swiss roll plus 3-d Gaussian noise.

In this paper, we propose a set of hypothesis tests to extract the e�ective dimen-

sions of data (with or without noise). The challenge of noisy data is tackled using

a scale space approach. The e�ective dimensions of the data are estimated over all

scales without any prior knowledge, which allows a much larger amount of noise than

earlier methods could handle. The multi scale estimated e�ective dimensionality of

the data not only gives information about the lowest dimensionof the submanifold

on which the data lie closely, but also indicates the noise structure of the data.

The paper is organized as follows. First, in Section 2, an example is given which

shows the value of our procedure relative to principal component analysis, and to the

newly developed nonlinear dimension reduction method, ISOMAP. This is followed

in Section 3 by the derivation of our procedure, including space scale idea. In Section

4, we de�ne the Vector Dimensionality which is related to the population e�ective
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dimensionality, set up a set of hypothesis tests, prove the consistency of the test

statistic, and �nally show how to extract the e�ective dimensionality by studying

a toy example. Then, in Section 5, we provide additional insights using further

examples.

2 The Pinch Force Data

Figure 2.1: 36 recordings of the force exerted by the thumb and fore�nger where a

constant background force of 2N was maintained before a briefimpulse targeted to

reach 10N: the force was sampled 2000 times per second.

The data discussed in this section were collected at the Medical Research Council

Applied Psychology Unit, Cambridge, by Flanagan in (Ramsay, Wang, and Flanagan

1995) as a part of a sequence of experiments and consist of records of the force exerted

by pinching a force meter (width 6 cm) with the tips of the thumb and fore�nger on
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opposite sides. The task required of the subject was

(a) to maintain to within reasonable limits a constant force determined by the

experimenter,

(b) on a signal to give a brief force impulse which was targeted to reach a prede-

termined maximum value and,

(c) to return the force to the constant background level.

The constant background force, the targeted maximum force, and the subjects were

all varied in the results discussed here. Within a �xed set of conditions, as many

as 36 replications were obtained. Figure 2.1 shows 36 typicalrecords in which the

background force and the maximum force were 2N and 10N respectively. Figure 2.1

indicates that records vary substantially in terms of time of the maximal force, the

size of this force and its duration, but that each record closely maintains a common

basic shape.

If we treat each curve as a data point from a 2000-d space, here we have a total

of 36 data points. Applying PCA directly to the data gives the results shown in

Figure 2.2. In Figure 2.2, (a) shows the mean curve. Note that the peak of the mean

curve is about 7N. And the peak for each curve is about 10N. The smaller peak value

of the mean curve is caused by the di�erent location of peak forthese 36 curves. Plot

(b) shows the residuals of these 36 curves that come from subtracting the mean curve,

called the mean residual curves. Plot (c) gives the percentageof the total variation

8



0 0.5 1
0

2

4

6

8

10

12

Force
 N

(a)

0 0.5 1
-10

-8

-6

-4

-2

0

2

4

6

8

10
(b)

0 5 10

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

PC #

Perc
entag

e

(c)

Figure 2.2: Plot (a) shows the mean curve of the 36 original pinch force curves. Plot

(b) shows the residual curves from subtracting the mean curve. Plot (c) shows the

percentages of the variation of the �rst 10 principal components (circle line) and the

corresponding cumulative percentages (plus line).

for each principal component and the corresponding cumulative percentage of the

total variation. Notice that the cumulative percentage of the total variation reaches

99% after the sixth principal component, see plot (c) of Figure2.2.

If we choose the cut point of 99% of the total variation, we needup to six or seven

principal component curves to represent this process by PCA, which is a�ected by

the di�erent location of the peak for each force record. PCA of this data set does

not give us a simple representation of this process. PCA's \linear" dimensionality is

high, but this does not rule out the possibility of a low dimensional curved structure.

The pinch force data illustrated in Figure 2.1 are an example of a set of functional

observations where alignment by shifting each horizontally,can give useful insights.

A natural approach to understanding the data is to do curve registration ( i.e.

horizontal alignment) �rst. From Figure 2.1, it is quite clear that there are horizontal
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shifts of the peak of the force. This happens because the time when the recording

process begins is arbitrary. A criterion that de�nes when several curves are properly

registered is required for estimating the shifts of the curves. One possibility is to

identify a speci�c feature or landmark for a curve, and shift each curve so that this

feature occurs at a �xed time. The time of the maximum of the pinch force is an

obvious landmark. However, we also detect that there is variation of the peak height

of the pinch force. The simple registration of the curves is justshifting the peak

of each pinch force to the same location. If these two variations, horizontal shift of

the peak and the vertical change of the peak, are not correlated with each other,

then the size of the shifting for each curve is of no real interestin the pinch force

context, since it merely measures the gap between the initialization of recording and

the beginning of a squeeze and it has nothing to do with the squeeze itself. Therefore,

such a registration of the curves will not a�ect the process at all. On the other hand,

if these two variations are correlated with each other, when we shift the peak of the

force to the same location, we might need to consider making someadjustment with

the peak height based on the relationship of these two variations. Further analysis of

these curves may be found in (Ramsay, Wang, and Flanagan 1995).

Let us look at the analysis of this data set by ISOMAP. Figure 2.3 shows the

estimated dimensionality by ISOMAP. Here we consider 11 values ofthe neighborhood

size for the ISOMAP algorithm. They change from 2 to 22 in increments of 2 each

time. No matter which neighborhood size is used, the estimated dimensionality by

ISOMAP is visually at least 3.
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Figure 2.3: The estimated dimensionality for the pinch force data by ISOMAP for

the neighborhood size valuesk = 2(2)22. Estimated dimensionality is at least 3.

The analysis of the pinch force data, using our procedure, is shown in Figure 2.4.

In our procedure, Tk(s) are the test statistics which are used to �nd the e�ective

dimension of data at di�erent scales. For example, T1(s), for approximately 1-d

data, is close to 1. For approximately 2-d or higher dimensional data, T1(s) is at

least 2. T2(s), for approximately 1-d or 2-d data, is less than 3. For approximately

3-d or higher dimensional data,T2(s) is at least 3. In plot (a) of Figure 2.4, the

blue \-*" line is T1(s) of the pinch force data, which is not signi�cantly less than

the typical T1(s) of 2-d data for several small scale values ofs, suggesting at least

2-d at small scales. The plot (b) comparesT2(s) of the pinch force data with T2(s)

of data from a typical 3-d space, which shows thatT2(s) of the pinch force data is

signi�cantly less than the typical values of 3-d data across allscales. In plot (a) of

Figure 2.4, the green dash-dotted curve is the mean ofT1(s) of 1000 replications from
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Figure 2.4: Plot (a) showsT1(s) of the pinch force data and the comparison with

T1(s) of the typical 2-d data. Plot (b) shows T2(s) of the pinch force data and the

comparison with T2(s) of the typical 3-d data. SinceT2(s) is signi�cantly less than

T2(s) of the typical 3-d data, it suggests that the pinch force data lie on a 2-d manifold.

the 2-d standard normal distribution, and the 2 magenta dash-dotted curves beside

it are the 2.5% and the 97.5% quantiles based on 1000 replications. They represent

the \typical range" of T1(s) if the data, with sample size equal to 2000, follow the

2-d standard normal distribution. In other words, they represent T1(s) of a data set

from a typical 2-d linear space with the same sample size as the testing data set.

In plot (b), the green line and two magenta lines stand for datafrom a typical 3-d

linear space with the same sample size of the testing data set. In both plots, the

x-axis represents the scale parameters, whose values are from 0 to 1. We start with

the minimum pairwise distance ofn data points, increase by every 5% quantile of

the pairwise distance, and end with the maximum pairwise distance. Then we divide

them by its maximum pairwise distance and denote them assmin ; s5%; : : : ; s95%; smax .

In other words, although the pinch force data lie in a 2000-d space, they are close to
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lying on a 2-d manifold.

Such a 2-d manifold represents two types of variation of the pinch force curves,

the horizontal shift of the peak force and the vertical changes of the peak of the

each force curve. The claim is con�rmed by the simulations results in (Wang 2004).

When the simulated data are from a structure with a linear relationship between

the horizontal shift of peak and the vertical shift, our methodshows a 1-d manifold

underlying structure. When the underlying structure is determined by the two factors

independently, the data are 
agged as 2-d.

3 The Scale Parameter s

The notion of scale has been deeply studied in the �eld of computer vision. For

an introduction and detailed discussion, see Lindeberg (1993) and ter Haar Romeny

(2002). The problem of scale must be faced in any imaging situation. An inherent

property of objects in the world and details in images is thatthey only exist as

meaningful entities over certain ranges of scale. We view theproblem of �nding

meaningful low dimensional structure in high dimensional dataas analogue to �nding

meaningful image properties. When data have noise, the existence of underlying

structure depends on the noise level. Di�erent scales help to detect the true low-

dimensional structure from the high-dimensional noise. In thissection, we introduce

notion of scale parameter. To fully understand the underlyingstructure of the data,

it is quite important to study useful statistics across all scales.
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3.1 Scale and Noise

In computer vision, multi-scale representations of images arefundamental. For com-

puter image analysis, many useful operations on image data are carried out over a

moving window, whose size can range from a single point to the whole image. The

type of information people can get from such an operation is largely determined by

the relation between structures in the image and the size of thewindow. Hence,

without prior knowledge, there is no reason to favor any particular scale. Indeed, it

is more reasonable to consider them all and operate at all window sizes.Scale-space

theory was �rst rigorously put forward in computer vision. In 1983, Witkin proposed

that scale could be considered as a continuous parameter. In this scale-space, the

scale dimension is viewed as being as important as the others.

There is an analogue in reducing the dimensionality of high dimensional data.

Data without noise are like digital pictures with in�nitely c lear resolution. Data with

noise are pictures with limited resolution. The di�erent resolution levels play the

role of di�erent levels of noise in data. Without noise, for example, the data are

randomly sampled from a line segment, which have an underlyingstructure of 1-d.

They show the 1-d structure even at the �nest scales. Figure 3.1 shows three toy data

sets which are uniformly generated on a line segment (with length equal to 1) plus

vertical Gaussian noise realizations with di�erent standard deviations. But the data

with noise, as shown in Figure 3.1, show di�erent high dimensional structures at the

small scale with respect to the di�erent noise level. The clarityof the low dimensional
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Figure 3.1: Three panels show toy data sets with each sample size equal to 100 gen-

erated uniformly on a line segment with length equal to 1 plus di�erent independent

vertical noise realizations. The left panel, the �rst toy data example, has vertical

noise generated as N( 0; (0:001)2 ); the middle panel, the second toy example, has

vertical noise generated as N( 0; (0:03)2 ); and the right panel, the third toy example,

has vertical noise generated as N( 0; (0:3)2 ). The two di�erent circles are two di�er-

ent window sizes. These three toy examples show that the underlying 1-d structure

depends on the noise level and the window size.

underlying structure is a�ected by the noise at the di�erent scales. We will introduce

a new parameter, scales. Through it, we can detect the e�ective dimension of the

data even in the presence of noise.

3.2 Our Notion of Scale

In Figure 3.1, there are clear di�erences among these three cases. The left panel shows

data that are very close to lying on a line, a 1-d submanifold (i.e. lower dimensional

structure). The right panel shows data which are not close to a 1-d manifold and
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they are much more \2 dimensional". The middle panel is between.

In the presence of noise, none of these toy data sets lie exactly ona 1-d manifold.

However, it is clear that some are much closer than others to lying on a 1-d manifold.

To measure this closeness, we use the scale space idea. Two candidatescales are

illustrated by the big and small circles in Figure 3.1. Assume the viewer is standing

at the center of the circles. The big circle corresponds to a bigwindow size, and the

small one corresponds to a small window size. Standing at the center of the circles,

viewing the data points through the big window, the data set inthe left panel is close

to lying on a line, and the one in the middle panel is close to lying on a thick line.

Viewing the data points through the small window, we may still claim that the data

set in the left panel nearly lies on a line, but the one in the middle panel is more \2

dimensional". For both such window sizes, the data set in the rightpanel is more like

lying on the plane instead of a line. From this example, noticethat for a given data

set with noise, whether it is close to a low dimensional submanifold or not depends

on the viewer's position and window size.

The set of viewer's positions considered here are the data points. To deal with

di�erent window sizes, our solution is to introduce a new scale parameter, s, which

is the radius of the circle for the toy examples in Figure 3.1.If the data are from

d-space, the scale parameters is de�ned as the radius of thed-dimensional ball. Scale

parameter s measures the window size. Since the underlying structure of thenoisy

data changes as the window size changes, any information used todetect the low

dimensional structure will be a function ofs for 0 < s < 1 . The lesson we learned
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from the examples in Figure 3.1 is:

� data exhibit a high dimensional structure when the scales is less than the noise

level,

� when the scales is greater than the noise level, it is possible to �nd meaningful

low dimensional structure.

However, a key issue is that the noise level is in general unknown.Without any prior

information about the data, useful insights can be obtained from considering a range

of scales. Therefore, we recommend studying the data at all scales to get the whole

picture.

In general, the scale parameter is a measure of window size through which the data

are studied. In this paper, we choose windows asd-dimensional balls with di�erent

radius. The natural choice for measuring these windows' size is the radius of these

d-dimensional balls. We study the underlying geometric structure at varying window

size instead of focusing on one underlying geometric structure.In di�erent �eld, scale

parameter could be de�ned completely di�erently. However, the same idea always

carries on. For example, in image analysis where the notion ofscale space was �rst

put forward, the scale parameter is de�ned as the variance of the Gaussian kernel,

see Lindeberg (1996). In kernel smoothing, the scale parameteris de�ned as the

bandwidth, see Chaudhuri and Marron (1999).
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3.3 Dimension test statistic

How can we characterize a data set that lies on a 1-d manifold? For example, let us

assume the data setX = f x1; : : : ; xn g from a d-dimensional spaceX , whered � 1, is

sampled from a straight line, which is the simplest case of a 1-d submanifold. For any

three points on the straight line,x i ; x j and xk where 1� i; j; k � n and i 6= j 6= k,

the angle between the vectorx j � x i and the vector xk � x i is either 0 or � . This

is in general not true when the 1-d submanifold is curved. However, if we consider

the two points which are near tox i for data lying on a curved 1-d submanifold, the

corresponding angle should also be close to either 0 or� .

x
i

x
(1)
s (x

i
)

x
(2)
s (x

i
)

s

q
i
1(s)

Figure 3.2: Toy data set illustrating x i , xs
(1)(x i ), xs

(2)(x i ), and how the angle� 1
i (s) is

formed with data points in 2-d space.

For each pointx i from X , and a �xed value of scales with 0 < s < 1 , �rst de�ne

xs
(j )(x i ) as the point which is thej th point closest to the sphere of thed-dimensional
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i (s) betweenxs

(1)(x i ) � x i

and xs
(2)(x i ) � x i , always taken to be between 0 and�2 .

ball with center at x i and radius equal tos, i.e.

�
� s � jj xs

(1)(x i ) � x i jj
�
� � � � � �

�
� s � jj xs

(j )(x i ) � x i jj
�
� � � � � �

�
� s � jj xs

(n � 1)(x i ) � x i jj
�
� :

(3.1)

In Figure 3.2, the two points xs
(1)(x i ) and xs

(2)(x i ), i.e. the nearest point and the

second nearest point to the sphere, are highlighted with diamonds. Let p1
i (s) be the

line which passes through the two pointsx i and xs
(1)(x i ), shown as the horizontal line

in Figure 3.2, i.e.

p1
i (s) =

�
y 2 X : y � x i = t1(xs

(1)(x i ) � x i ); 8 t1 2 R
	

;

Let � 1
i (s) be the angle between the vectorxs

(2)(x i ) � x i and its orthogonal projection on

p1
i (s). Figure 3.2 shows how� 1

i (s) is formed in the 2-d case. There are two important

cases in the de�nition of � 1
i (s), see Figure 3.3. For de�ning e�ective dimensionality,

these cases should be treated symmetrically. Hence we de�ne� 1
i (s) to only take values

between 0 and�
2 .
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Based on the collection of� 1
i (s); i = 1; : : : ; n over the whole data set, the following

heuristic is useful for any 1-d manifold embedded inX . Since a 1-d manifold is a

topological space which is locally Euclidean, then� 1
i (s) should be close to 0 for small

values ofs if the data lie on a 1-d manifold. When the data have noise, the degree

of tolerance of the noise for all window sizes depends on the di�erent noise levels.

Table 3.1 shows for the three toy examples in Figure 3.1 the average of� 1
i (s), i.e.

� 1(s) =
1
n

nX

i =1

� 1
i (s);

for two di�erent window sizes (shown as circles): smalls and big s. For the �rst toy

example with small noise, both scales are big enough to perceivethe 1-d structure

since the averages of� 1
i (s) at the two scales are both close to 0. For the second toy

example, the value of� 1(s) is much larger at the small scale, re
ecting the virtually

apparent 2-d structure, and� 1(s) is smaller for largers, re
ecting the less 2-d nature

showing in Figure 3.1.� 1(s) of the second toy example indicates more noise than for

the �rst one. For the third toy example, both scales suggest 2-d manifold structure

because their averages are far from 0.

� 1(s) First toy example Second toy example Third toy example

small s 0.013 0.599 0.724

big s 0.004 0.112 0.738

Table 3.1: The averages of� 1
i (s) for the small and big scaless (shown as circles), for

the three toy data sets, in Figure 3.1
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Theoretically, we could have� 1
i (s) for any scales. Notice that for a given data

set, � 1
i (s) for i = 1; : : : ; n are the same whens � smin and s � smax . Indeed, when

s � smin is considered, for each data pointx i , � 1
i (s) will not be changed since only the

2 nearest points are taken into account. Similarly, whens � smax , � 1
i (s) will not be

changed because every time the 2 furthest points are taken intoaccount. Therefore,

for a given data set, we only need to concentrate on the scaless betweensmin and

smax .

We would like to explore the \tendency of a data set to lie on or nearly to lie on a

1-d submanifold" by analyzing the set of angles,� 1
i (s). However, these quantities are

not very interpretable. A sensible summary of� 1
i (s) is the average of� 1(s). A more

interpretable statistic T1(s) can be de�ned as a re-scaling of� 1(s),

T1(s) = 1 +
1
a1

� � 1(s) (3.2)

where a1 = �
4 . Such ana1 value is chosen to matchT1(s) as the dimension of the

data. Details are explained later in this section.

Some important properties of the� 1
i (s) are derived in the following theorem.

Theorem 3.1. Assume thatY = f X 1; : : : ; X n g is a random sample and the density

function is absolutely continuous with respect to Lebesguemeasure over an appropriate

manifold. Then the following are true.

� if Y is from a 1-d manifold, P(� 1
i (smin ) = 0) ! 1 as n ! 1 ,

� if Y is from a 2-d manifold, � 1
i (smin ) L�! (the uniform(0; �

2 ) distribution) as

n ! 1 . Further E(� 1
i (smin )) ! �

4 as n ! 1 .
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� if Y is from a k(k > 2)-d manifold, limn!1 E(� 1
i (smin )) increases ask increases,

with limit equal to �
2 as k ! 1 .

The details of the proof can be found in Chapter 5 of (Wang 2004).

For any data lying on a straight line,� 1
i (s) � 0 for any scales. Therefore� 1(s) � 0.

SoT1(s) � 1. Any 1-d manifold is a topological space which is locally 1-d Euclidean.

For any data lying on a 1-d manifold, � 1
i (s) will be close to 0 for small scales.

Therefore � 1
i (s) � 0 for small scales. So T1(s) � 1. For large scale valuess, T1(s)

will be determined by the underlying nonlinear structure. However, for any data set

from a 2-d manifold,T1(s) will be close to 2 for small scales. For any data set from

a k(k > 2)-d manifold, T1(s) will be bigger than 2 for small scales. Therefore,T1(s)

can be used to distinguish a data set from a manifold with dimensionality less than

2 or at least 2.

This idea can be generalized to distinguish a data set with dimensionality less

than k + 1 or at least k + 1, where k > 1. The idea of angles can be extended to this

case by considering (k + 2)-tuples. For each point x i and a �xed value of the scale

s, consider thek + 1 points which are closest to the sphere of thed-dimensional ball

with center at x i of radiuss, denoted asxs
(1)(x i ); : : : ; xs

(k + 1)(x i ) as in (3.1). Let pk
i (s)

be the hyperplane determined by the pointsx i ; xs
(1)(x i ); : : : ; xs

(k )(x i ), i.e.

pk
i (s) = f y 2 X : y � x i = t1(xs

(1)(x i ) � x i ) + t2(xs
(2)(x i ) � x i ) + � � � + tk(xs

(k )(x i ) � x i );

8 t1; t2; : : : ; tk 2 R g;

Then the angle � k
i (s) is formed by the vector xs

(k + 1)(x i ) � x i and its orthogonal
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projection on pk
i (s). Therefore, for a data set withn points, from a d-dimensional

space, we can consider e�ective dimensionsk = 1; : : : ; m based on the sets of angles:

� 1(s) = f � 1
i (s); i = 1; : : : ; n g; (3.3)

� 2(s) = f � 2
i (s); i = 1; : : : ; n g; (3.4)

: : :

� m (s) = f � m
i (s); i = 1; : : : ; n g (3.5)

Again all of these angles are de�ned to be between 0 and�
2 .

Each set � k (s) will help to determine whether the data are close to a manifold

with dimensionality < k + 1 or � k + 1. Correspondingly, we can de�ne the more

interpretable statistics Tk(s) as follows

Tk(s) = k + ak � k(s); (3.6)

where for a �xed i , ak is the mean of the limit distribution of � k
i (smin ) as n ! 1 for

the data from the (k + 1)-d linear space. Denote� k be the random variable with such

a limit distribution, therefore

ak = E
�
� k

�
: (3.7)

For example,a1 = �
4 . The limit distribution of all � k

i (smin ) are given in Chapter 5 of

(Wang 2004). In such a re-scaling, for small values ofs,

� if the data are from d0-d manifold with d0 � k, Tk(s) � k � 1;

� if the data are from d0-d manifold with d0 = k + 1, Tk(s) � k;
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� if the data are from d0-d manifold with d0 > k + 1, Tk(s) � k + 1.

Therefore,Tk(s) will be used to extract the e�ective dimensionality of the data. The

maximum dimensional submanifold which a given data set fromd-dimensional space

can lie on is d � 1, if n � d. When d > n , there are m = n � 2 sets at most.

Therefore, min (d� 1; n � 2) is the largestm that may be considered. The set� (s) =

f � 1(s); : : : ; � m (s) g summarizes the e�ective dimensionality. Accordingly, we willhave

m groups of re-scalings of them, which are denoted asT (s) = f T1(s); : : : ; Tm (s)g.

4 E�ective Dimensionality

In the previous section, we focused on data and studied the statistics � (s) and

T (s) which are both based on the data. In this section, we are going to de�ne

the distribution based analogue ofT (s), denoted asD (s) for a population X . We

call this D (s) the Vector Dimensionality of the population. Under some general

conditions, we will show the consistency of the statisticT (s) for D (s). Finally, we

will set up hypothesis tests to extract the e�ective dimensionality of data based on

T (s).

4.1 De�nition of Vector Dimensionality

Assume that a population,X , is from ad-dimensional space,R d, and has a probability

distribution P(x). For a random point x 2 X , if we use polar coordinates and set

the origin of the coordinate system atx, then for every y 2 X , we will have polar
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coordinates (�; � 1; : : : ; � d� 1), simply denoted as (�; �) where � = ( � 1; : : : ; � d� 1). For

any scales 2 ( 0; 1 ), let Yj(x ;s) be the conditional population of pointsy on the

surface of the ballSx ;s, i.e. y 2 Yj (x ;s) satis�es

jjy � xjj = s:

For every y 2 Yj (x ;s) , y will have polar coordinates (s; �). And the distribution of

points in the population Yj(x ;s) will be a conditional probability measure of � given

� = s and the point x, denoted asP x (�j � = s).

For any two random pointsy1; y2 2 Yj (x ;s) , let L 1
x be the line determined byx and

y1, then � 1
x (s) will be the angle between the vectory2 � x and its projection on L 1

x .

In fact, � 1
x (s) is a function only of � 1 and � 2, denoted ash1, i.e. � 1

x (s) = h1(� 1; � 2).

De�ne the moments:

 1
x (s) =

Z
h1(� 1; � 2) dP x (� 1j� = s)dP x (� 2j� = s):

For any three random pointsy1; y2; y3 2 Yj (x ;s) , let L 2
x be the hyperplane determined

by x, y1, and y2, then � 2
x (s) will be the angle between the vectory3 � x and its

projection on L 2
x . So � 2

(x ;s)(y1; y2; y3) is a function only of � 1, � 2, and � 3, denoted

as h2, i.e. � 2
x (s) = h2(� 1; � 2; � 3). De�ne the moments:

 2
x (s) =

Z
h2(� 1; � 2; � 3) dP x (� 1j� = s)dP x (� 2j� = s)dP x (� 3j� = s):

Further more, in general we can de�ne the moments:

 k� 1
x (s) =

Z
hk� 1(� 1; : : : ; � k) dP x (� 1j� = s) � � � dP x (� k j� = s); for k � d:
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Notice that all these angles,� 1
x (s), � 2

x (s), : : :, � d� 1
x (s) are between 0 and�

2 . There-

fore,  1
x (s);  2

x (s); : : : ;  d� 1
x (s) are also between 0 and�

2 . In order to get prop-

erties of the whole population, we need to consider every point, i.e. we need to

consider
R

 1
x (s)dP(x), : : :,

R
 d� 1

x (s)dP(x). Because 1
x (s);  2

x (s); : : : ;  d� 1
x (s) are

also between 0 and�
2 , it follows that

R
 1

x (s)dP(x) ,: : :,
R

 d� 1
x (s)dP(x) are be-

tween 0 and �
2 . To make them more interpretable, we will re-scale

R
 1

x (s)dP(x),

: : :,
R

 d� 1
x (s)dP(x) to a seriesD1(s); : : : ; Dd� 1(s) so that: when the population is

contained in ad0-d linear space:

d0 D1(s) D2(s) � � � Dk(s) � � � Dd� 2(s) Dd� 1(s)

1 1 2 � � � k � � � d � 2 d � 1

2 � 1 2 � � � k � � � d � 2 d � 1

� � �

k � 1 � 2 � � � k � � � d � 2 d � 1

� � �

d � 1 � 1 � 2 � � � � k � � � � d � 2 d � 1

d � 1 � 2 � � � � k � � � � d � 2 � d � 1

Table 4.1: Values ofDk(s) for linear spaces

Now we have the following de�nition of the population version of the sample

statistic T (s).

De�nition 4.1. Vector Dimensionality D (s) for s 2 (0; 1 ) of a population X in R d
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with a probability P is de�ned as follows

D (s) = f D1(s); D2(s); : : : ; Dd� 1(s) g;

where for any �xed values 2 (0; 1 )

D1(s) = 1 +
1
a1

Z
 1

x (s)dP(x); (4.1)

� � �

Dd� 1(s) = d � 1 +
1

ad� 1

Z
 d� 1

x (s)dP(x): (4.2)

wherea1, : : :, ad� 1 are de�ned at (3.7).

If the population X is contained in a 1-d manifold, denoted asM 1 � R d with

d > 1, then for generals > 0, D1(s) > 1. Because of the topological properties of

a 1-d manifold, whens ! 0, x, y1, and y2 are closer to a straight line, therefore,

D1(s) ! 1 ass ! 0.

Suppose that the populationX is contained in a 2-d linear space and the proba-

bility distribution has a continuous density. Because of the continuity of the density

function f at the point x, the distribution of the two points y1; y2 2 Yj (x ;s) is closer to

a uniform distribution on the circle ky � xk = s for smaller values ofs. By the inde-

pendence ofy1 and y2, the distribution of the angle � 1
x (s) is close to the uniform(0; �

2 )

distribution. So the expected value of� 1
x (s) is close to �

4 . Therefore, whens ! 0,

D1(s) ! 2, for the population X contained in a 2-d linear space. If the population

X is contained in a 2-d manifoldM 2, D1(s) ! 2 ass ! 0 because of the topological

properties of the 2-d manifold.
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Generally, by a similar argument, if the populationX is contained in ak-dimensional

manifold, M k � R d with d > k , then Dk� 1(s) ! k as s ! 0.

4.2 Consistency of the statistic T (s)

The natural statistic for D (s) is bD = T (s) = f T1(s); T2(s); : : : ; Tm (s) g, where

m = min( d� 1; n� 2). In this section, we are going to prove that for anyk = 1; : : : m,

Tk(s) is a consistent estimate forDk(s) for any �xed value of s.

The following lemma is useful in proving the consistency ofT (s). The idea of

the proof is similar to the proof of Lemma 5.1 in Section 5.2 in Devroye, Gy•or�, and

Lugosi (1996).

AssumeX 1; X 2 : : : is a random sequence from a populationX with a probability

measureP on it. Let Sx;�;s be the setf y 2 Sx;�;s : s � � � k y � xk � s + � g, for

any � < s . Because the probability measure P has a continuous density function f , it

follows that P (Sx;�;s ) > 0 for any x 2 X , � > 0, and s > 0. For X 1; X 2; : : : ; X n , order

jkX i � xk � sj and de�ne analogues of order statisticsX s
(k)(x) such that

�
�kX s

(1) (x) � xk � s
�
� �

�
�kX s

(2) (x) � xk � s
�
� � � � � �

�
�kX s

(n)(x) � xk � s
�
� :

SoX s
(k)(x) is the point amongX 1; X 2 : : : ; X n , which is the k-th closest to the surface

of the closed ball centered atx of radius s > 0. Then we have the following lemma.

Lemma 4.1. For any x 2 X and any �xed value ofk,
�
�
�kX s

(k)(x) � xk � s
�
�
� ! 0 with

probability 1 asn ! 1 . If X is independent of the data, then
�
�
�kX s

(k)(X ) � X k � s
�
�
� !

0 with probability 1 whenevern ! 1 .
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Before we prove the consistency ofTk(s), �rst we need the following theorem and

corollary.

Theorem 4.2. Assume a random sampleY = f X; X 1; : : : ; X n g from the population

X � R d, and � k
X (s) as de�ned above, then E� k

X (s) converges to k
X (s) as n ! 1 .

Corollary 4.3. With the same condition as in Theorem 4.2, for any �xed values

and any �xed integerk, limn!1 ETk(s) = Dk(s).

Lemma 4.4. Suppose the observationsf X i ; i = 1; : : : ; n g are independent, identi-

cally distributed ind-dimensional space with a twice continuously di�erentiabledensity

f . De�ne Tk(s) as (3.6), then for any �xed value of scales and any �xed integerk,

where1 � k � m, Var(Tk(s)) ! 0 as n ! 1 .

The proof of the lemmas and theorems in this section are given in (Wang 2004).

With the above lemmas and theorems, we can prove the consistencyof T (s) in the

following theorem.

Theorem 4.5. For any �xed value of scales and �xed integer k, where1 � k � m,

Tk(s) P�! Dk(s); as n ! 1

Proof. By the Chebyshev inequality, for any� > 0, we have

P (kTk(s) � Dk(s)k > � ) <
E [Tk(s) � Dk(s)]2

� 2

=
E [Tk(s) � ETk(s) + E Tk(s) � Dk(s)]2

� 2

=
Var [Tk(s)] + [E Tk(s) � Dk(s)]2

� 2
:
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By Lemma 4.4, VarTk(s) ! 0 as n ! 1 . By Corollary 4.3, ETk(s) ! Dk(s) as

n ! 1 . So [E(Tk(s)) � Dk(s)]2 ! 0 as n ! 1 . Therefore, Tk(s) P�! Dk(s) as

n ! 1

4.3 Hypothesis test

D (s) is a theoretical construction that allows understanding of our approach to esti-

mating e�ective dimensionality. In this section, the overallapproach is �rst reviewed

in the context of D (s), and then this is related to the corresponding sample statistic

T (s).

Our approach starts by investigating whether, at any scale, thepopulation is close

to a 1-d underlying structure. Let us denoteD1(s) of the true underlying population

as D T
1 (s), denote D1(s) � 1 by D 1

1(s), and denoteD1(s) of the 2-d standard normal

distribution by D 2
1(s). We compare theD T

1 (s) of the population, with D 1
1(s) and

D 2
1(s). For those scale valuess with D 1

1(s) � D T
1 (s) < D 2

1(s), D T
1 (s) is the e�ective

dimension at those scales. IfD T
1 (s) < D 2

1(s) but not equal to 1 at some values ofs,

we not only �nd that the true population is close to a 1-d underlying structure at

these scales, but also �nd the degree of closeness to the 1-d structure by comparing

how far the value ofD T
1 (s) is from 1.

If D 1
1(s) � D T

1 (s) < D 2
1(s) at all scale values ofs, then D T

1 (s) is the e�ective

dimension for all scales. For those scale values,D T
1 (s) � D 2

1(s), D T
2 (s), based on the

true population, is useful to �nd whether at any scale the true population is close to
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a 2-d underlying structure. In order to do that, we compareD T
2 (s) with D 2

2(s) and

D 3
2(s), whereD 2

2(s) � 2 for any population contained in a 2-d Euclidean space,D 3
2(s)

is calculated based on the 3-d standard normal distribution. IfD 2
2(s) � D T

2 (s) <

D 3
2(s) at any scale values, we record D T

2 (s) as the e�ective dimensions at those

scales. Similarly, based onD T
k (s) with k > 2, the e�ective dimension can be found at

all scales for the true population.

However, we generally do not know the distribution of the true population. In-

stead, we use the sample statisticT (s). A set of hypothesis tests is used, each one

based on one element ofT (s). Each test is performed separately. Here, the hypothe-

sis test is a mechanism to extract the e�ective dimensionality ofthe data. A simple

approach to the multiple comparison issue would be a Bonferronimethod. More so-

phisticated multiple comparison tests for e�ective dimensionality are an interesting

topic for future work.

Denote T D (s) = f TD
1 (s); TD

2 (s); : : : ; g as T (s) of the data. In practice, we use

T D (s) to replaceD T (s) in the procedure described above. Since analytical calculation

of Dk(s) of the (k+1)-d standard normal distribution seems to be intractable, weuse a

simulation approach. For example, forD1(s) of the 2-d standard normal distribution,

we generated 1000 random samples with each sample of size equal to the sample size

of the testing data, n, and calculatedT1(s) for these 1000 random samples. We use

the average of these 1000T1(s) as an estimate ofD 2
1(s), denoted as\D 2

1(s), and use

the 5% percentile of these 1000T2(s), denoted asD2� d(s), as the critical value for

the 5% signi�cance level. By comparingTD
1 (s) with D2� d(s), we will conclude for the
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�xed scale values, whether the e�ective dimension of the data is less than 2-d or not

at the 95% signi�cant level. The steps, to investigate the e�ective dimensionality of

data at all scales, follow. For eachs 2 S, or in particular a discrete subset ofS,

1. For k = 1; 2; : : :, test

H0 TD
k (s) is signi�cantly equal or bigger than \D k+1

k (s) for s 2 S

vs. H1 otherwise

2. stop when H0 is rejected for this scales, and record the correspondingTD
k (s)

as the e�ective dimension of the testing data set at this scales 2 S,
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Figure 4.1: The e�ective dimension for the simulated noisy linesegment data set in

plot (b) of Figure 3.1 from Section 3.1. For small scales, the data are closer to 2-d.

When the scale increases, the data are closer to 1-d.

Figure 4.1 gives a simple display of the e�ective dimensions of the simulated data

set with 100 data points randomly generated from a line segmentplus moderate noise,

as shown in plot (b) of Figure 3.1 in Section 3.1. Note that, whens = 0:0001 = smin ,

the data are showing close to a 2-d structure, but still signi�cantly less than 2-d.
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However, whens increases, the underlying structure becomes much less than 2-d.The

bigger the scales, the closer the data are to 1-d, since the 1-d underlying structure is

more clear from the bigger window,i.e. the noise level for this data set is relatively

smaller compared with the relatively bigger scales.

When data lie exactly on a manifold, looking at small scales helps us �nd the

lowest local linear structure of the data, because anyk-d manifold is a topological

space which is locally Euclidean. Looking at big scales, the shapes ofTk(s) is driven

by the geometric structure of the manifolds.

For noiseless data, the dimension test statisticsTk(s) are completely driven by the

geometry of the data.

� If the underlying structure of the data is ad-dimensional linear submanifold,

Tk(s) = k for k � d; for k = d, Tk(s) will be similar to the Tk(s) of the typical d-

dimensional data (which have thed-dimensional standard normal distribution);

for k < d , Tk(s) will have a monotone decreasing trend.

� If the underlying structure of the data is ad-dimensional nonlinear submanifold,

Td(s) � d for small scale values ofs and generally itsTk(s) for k = 1; : : : ; m

will have a non monotone shape, which are driven by the nonlinear structure of

the manifold.

For data with noise, the curves ofTk(s) will be driven by the geometry of the

underlying structure and the noise level. Generally,Tk(s) will show higher dimensional

structure at every scale,i.e. the curves ofTk(s) for the data with noise will be above
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the curves ofTk(s) for the data without noise, if their underlying structures are the

same.

5 More Examples

In [25], extensive simulations were run especially studying data with di�erent levels

of noise. For data in a linear space (with or without noise), our method gave results

consistent with PCA. For data (no-noise or relatively small noise)lying in a nonlinear

space, our method gave similar results to ISOMAP. If the data haverelatively large

noise, our method was more robust than ISOMAP.

To illustrate how the e�ective dimensionality could be changed by the di�erent

noise level, we go back to the toy examples in Figure 3.1, whichhave a common linear

1-d underlying structure but with di�erent noise level.

Figure 5.1 shows the analysis result by our methods. When the noiselevel in-

creases, the value ofT1(s) increases at each �xed scales across three plots. For the

�rst toy example, the data are close to 1-d at all scales, althoughthey are about

1.5 at �nest scale. However, it is still signi�cantly less than 2-d. For the third toy

example, the data are not signi�cantly di�erent from 2-d. The second example shows

higher dimension than the �rst one, but not as high as the third one. The bigger the

noise level, the higher the dimension appears. The percentagesof the total variation

on the second principal component direction are 0:00%, 0:44%, and 48:9% separately

for these three toy data sets. The analysis results by our procedure are consistent
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Figure 5.1: (a): The estimated dimension by our method for the �rst toy data set in

Figure 3.1. (b): The estimated dimension by our method for the second toy data set

in Figure 3.1. (c): The estimated dimension by our method for the third toy data set

in Figure 3.1.

with the analysis results by PCA.

A spiral is a 1-d nonlinear submanifold embedded in a 3-d space. If a toy data set

is randomly sampled from part of the a spiral, it is not surprise tosee that there are

quite amount of variation on all three directions by using PCA.Our procedure shows

that the data indicates 1-d underlying structure when the scale is relatively small.

As the scale increases, the dimension increases to 2-d, even to 3-d.The dimension

changes continuously as the scale increases from small to large.Such a non monotone

change corresponds to a nonlinear underlying structure. For details see Section 3.4.2

in (Wang 2004).
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5.1 The Swiss roll example

In this section, we will compare our method with ISOMAP throughtwo toy data sets,

the no noise Swiss roll data in plot (a) of Figure 1.1 and the noisySwiss roll data in

plot (b) of Figure 1.1.

For the noiseless Swiss roll data shown in plot (a) of Figure 1.1, the result analyzed

by the ISOMAP algorithm is shown in plot (a) of Figure 5.2. As withPCA, the true

dimensionality of the data can be estimated from the decrease inresidual variance as

the dimensionality of the low dimensional representation is increased. The residual

variance of ISOMAP correctly bottoms out at dimensionality equal to 2.

Since the data lie exactly on the surface of the Swiss roll, the shapes ofT1(s) and

T2(s) are driven completely by the curvature of the surface of the Swiss roll. Plot (b)

in Figure 5.2 showsT1(s) which compares with the typicalT1(s) of 2-d data. T1(s) is

not signi�cantly less than the typical T1(s) of 2-d data from smin to s75% . It suggests

that the data are close to a manifold with dimensionality at least 2. From T2(s) in plot

(c), at smin , s5% , and s10% , the corresponding values ofT2(s) are signi�cantly less than

the typical T2(s) of 3-d data, especiallyT2(smin ) is about 2.2 andT2(smin ) < T 2(s5% ).

T2(s) of this simulated data set starts signi�cantly less than the typical T2(s) of 3-d

data at smin � s < s 15% , increases to values bigger than the typicalT2(s) of 3-d data

at the medium scales, then decreases to the values less than the typical T2(s) of 3-d

data again at large scales. The non-monotone shape suggests that the data lie on a

curved 2-d manifold.
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Figure 5.2: (a): The estimated dimension by ISOMAP for the no noise Swiss roll data

in Figure 1.1. (b): For the no noise Swiss roll data: comparing their T1(s) with the

typical T1(s) of 2-d data. (c): For the no noise Swiss roll data: comparing their T2(s)

with the typical T2(s) of 3-d data. (d): The estimated dimension by ISOMAP for the

noise Swiss roll data in Figure 1.1. (e): For the noisy Swiss roll data: comparing their

T1(s) with the typical T1(s) of 2-d data. (f): For the noisy Swiss roll data, comparing

their T2(s) with the typical T2(s) of 3-d data.

For the noisy Swiss roll data in plot (b) of Figure 1.1, plot (d) of Figure 5.2 shows

the estimated dimensionality by ISOMAP. We tried the values of neighborhood size

from 2 to 22 by every increment of 2. The result shown in plot (d) is the best among

37



them. Plots (e) and (f) show our test statisticsT1(s) and T2(s) of the noisy Swiss roll

data comparing to the typical 2-d and 3-d data. Our method suggests that this noisy

Swiss roll data are still close to a 2-d manifold but with relatively large noise, since

T2(smin ) and T2(s5% ) are signi�cantly less than the corresponding typicalT2(s) of 3-d

data. However, comparing to the result of noiseless Swiss roll data, T2(smin ) � 2:85

much bigger than the previous one,T2(smin ) � 2:2.
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