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Abstract

The discovering of low dimensional manifolds in high dimen®nal data is
the main goal of manifold learning. We propose a new approactio identify
the e ective dimension (intrinsic dimension) of low-dimensional manifolds that
summarize underlying structure in the data. The scale spaceiewpoint is the
key to our approach enabling us to overcome the challenge ofamsy data. Our
approach nds the e ective dimensionality of the data over all scales, without
any prior knowledge. Our approach has better performance aopared with

other methods especially in the presence of relatively larg noise.



1 Introduction

High-dimensional data sets can have meaningful low dimensiorsituctures hidden
in the observation space. In many cases of interest, a high dimensal data set lies
on or near an embedded submanifold. Loosely speaking, thective dimensionality

of the data is the lowest dimensional manifold that the data li@n or nearly lie on.

Principal components and related methods have been workiser approaches to
data sets whose low-dimensional underlying structure is linear can be approximated
linearly. In this paper, the more general and challenging pblem of nding low-
dimensional nonlinear structure is addressed. Finding nonliaeunderlying structure
has been called \manifold learning" and motivated by work omedical images, vision
in (Young and Yamane 1992; Turk and Pentland 1991), motor ctmol in (Bizzi,
Mussa-lvaldi, and Giszter 1991), speech in (Elman and Zipser 198&nd a broad

range of other physical and biological sciences.

Several approaches have been devised to address the problemndfng low-
dimensional nonlinear structure in data, Principal Curve AnaJsis (Hastie and Stuet-
zle 1989), Isometic Feature Mapping (ISOMAP) (Tenenbaum, deilga, and Langford
2000), Local Linear Embedding (LLE) (Roweis and Saul 2000)aplasian eigenmaps
(Belkin and Niyogi 2002), Hessian-based Locally Linear EmbeddjfHLLE) (Donoho
and Grimes 2003), and others. These methods share the advantagéclassical linear
methods like Principal Component Analysis (PCA) (Jollie 2003 and Multidimen-

sional Scaling (Cox and Cox 2001), which are computationally cient, have few free



parameters, and can be computed using a non-iterative globgbtonization of a nat-

ural cost function. In addition, they have the ability to recover the intrinsic geometric
structure of a broad class of nonlinear data manifolds. In othewords, they preserve
the geometry of the data. Shepard, in 1974, addressed a methad determine the
proper number of dimensions, whose idea is similar to ISOMAP. It nadeal with the

data which only have similarity measures, i.e. a nonmetric pauise distance among
the data. He pointed out that it was feasible to nd the intrinsic dimension of the

data particularly in cases of relatively noise-free data.

Most of these methods map high dimensional data into a single ghilcoordinate
system of lower dimensionality. For Local Linear Embedding (LE) and Laplacian
eigenmaps, the user must specify the dimension of the submanifolthieh the data
might lie on. A recent LLE variant provides a heuristic estima¢ of dimension. In
addition to giving a low dimensional representation, the ISOMP algorithm visually

gives the estimated dimensionality of the data by providing eor curves.

Noisy data are very challenging to most manifold learning methls described
above. Most of them are based on parameters, called the neighh@od size or the
size of the -ball. Choosing the correct value of such parameters is criéicto either
get the correct estimated dimensionality of the data or to nd areasonable low dimen-
sional representation (Balasubramanian and Schwartz 2002). W&n the data have no
noise or the noise level of the data is relatively small, there &relatively large range
of neighborhood size values which enable these nonlinear dinsienality reduction

methods to work well. When the noise level increases, the rangeuseful neighbor-



hood size values decreases. For relatively high noise levels,ah de impossible to

nd any useful value of neighborhood size.

The dimension of the embedding is a key parameter of most thesetheds. The
current dimension estimating methods can be roughly dividedio two groups, the
eigenvalue methods and the geometric methods. Eigenvaluethuals are based on
either PCA (Fukunaga and Olsen 1971) or local PCA (Bruske and Soner 1998).
PCA can be very ine ective for nonlinear data. Local PCA depeds heavily on
the choice of local region and threshold. The geometric metti® are mostly based on
fractal dimensions or nearest neighbor distances. Details cae found in (Grassberger
and Procaccia 1983; Camastra and Vinciarelli 2002; Costa and lde2004). The
statistical properties have been studied in (Levina and Bické?005). The geometric
methods mostly depend on the choice of nearest neighbor. A datsat can have
di erent e ective dimension at di erent scales in the presenceof noise. Figure 1.1
shows two toy data sets. Plot (a) shows the data randomly drawn fno the Swiss roll.
The Swiss roll is a 2-d submanifold embedded in a 3-d space and bathought of as
wrapping a piece of rectangular paper. Plot (b) shows the datandomly drawn from
the same Swiss roll plus 3-d Gaussian noise. The noisy Swiss roll dega be viewed
as either 2-d or 3-d depending on scale. At coarse scales the n@s®egligible, so the
data are essentially 2-d. At ne scales the 3-d noise dominates, so 8-d structure
is present. In Kega (2002), the dimension was estimated at seVesaales and based
on the fractal dimension. However, the signi cance of the estinbed dimension at

di erent scales has not yet been studied.



(a) Swiss Roll without noise (b) Swiss Roll with noise

Figure 1.1: (a) shows the data randomly drawn from the Swiss tol(b) shows the

data randomly drawn from the same Swiss roll plus 3-d Gaussian sei

In this paper, we propose a set of hypothesis tests to extract thesetive dimen-
sions of data (with or without noise). The challenge of noisy datis tackled using
a scale space approach. The e ective dimensions of the data astimated over all
scales without any prior knowledge, which allows a much largamount of noise than
earlier methods could handle. The multi scale estimated e eilee dimensionality of
the data not only gives information about the lowest dimensiomf the submanifold

on which the data lie closely, but also indicates the noise struate of the data.

The paper is organized as follows. First, in Section 2, an exatags given which
shows the value of our procedure relative to principal compent analysis, and to the
newly developed nonlinear dimension reduction method, ISOMP. This is followed
in Section 3 by the derivation of our procedure, including sg® scale idea. In Section

4, we de ne the Vector Dimensionality which is related to the ppulation e ective



dimensionality, set up a set of hypothesis tests, prove the consistgnof the test
statistic, and nally show how to extract the e ective dimensiorality by studying
a toy example. Then, in Section 5, we provide additional indngs using further

examples.

2 The Pinch Force Data

Figure 2.1: 36 recordings of the force exerted by the thumb drfore nger where a
constant background force of 2N was maintained before a brigfipulse targeted to

reach 10N: the force was sampled 2000 times per second.

The data discussed in this section were collected at the Medicak&arch Council
Applied Psychology Unit, Cambridge, by Flanagan in (Ramsay, Way and Flanagan
1995) as a part of a sequence of experiments and consist of resafthe force exerted

by pinching a force meter (width 6 cm) with the tips of the thunb and fore nger on



opposite sides. The task required of the subject was

(a) to maintain to within reasonable limits a constant force deermined by the

experimenter,

(b) on a signal to give a brief force impulse which was targetea treach a prede-

termined maximum value and,

(c) to return the force to the constant background level.

The constant background force, the targeted maximum forcend the subjects were
all varied in the results discussed here. Within a xed set of contibns, as many
as 36 replications were obtained. Figure 2.1 shows 36 typigalcords in which the
background force and the maximum force were 2N and 10N respeely. Figure 2.1
indicates that records vary substantially in terms of time of he maximal force, the
size of this force and its duration, but that each record closgimaintains a common

basic shape.

If we treat each curve as a data point from a 2000-d space, here have a total
of 36 data points. Applying PCA directly to the data gives the rsults shown in
Figure 2.2. In Figure 2.2, (a) shows the mean curve. Note that éhpeak of the mean
curve is about 7N. And the peak for each curve is about 10N. The sralpeak value
of the mean curve is caused by the di erent location of peak fdhese 36 curves. Plot
(b) shows the residuals of these 36 curves that come from subtriagt the mean curve,

called the mean residual curves. Plot (c) gives the percentagéthe total variation
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Figure 2.2: Plot (a) shows the mean curve of the 36 original pih force curves. Plot
(b) shows the residual curves from subtracting the mean curve.|d® (c) shows the
percentages of the variation of the rst 10 principal comporas (circle line) and the

corresponding cumulative percentages (plus line).

for each principal component and the corresponding cumulag percentage of the
total variation. Notice that the cumulative percentage of the total variation reaches

99% after the sixth principal component, see plot (c) of Figur@.2.

If we choose the cut point of 99% of the total variation, we neeap to six or seven
principal component curves to represent this process by PCA, wh is a ected by
the di erent location of the peak for each force record. PCA fothis data set does
not give us a simple representation of this process. PCA's \linéadimensionality is
high, but this does not rule out the possibility of a low dimensioal curved structure.
The pinch force data illustrated in Figure 2.1 are an examplef@ set of functional

observations where alignment by shifting each horizontallgan give useful insights.

A natural approach to understanding the data is to do curve ragtration (i.e.

horizontal alignment) rst. From Figure 2.1, it is quite clear that there are horizontal



shifts of the peak of the force. This happens because the time evhthe recording
process begins is arbitrary. A criterion that de nes when seval curves are properly
registered is required for estimating the shifts of the curves. r@ possibility is to
identify a speci c feature or landmark for a curve, and shift eeh curve so that this
feature occurs at a xed time. The time of the maximum of the pach force is an
obvious landmark. However, we also detect that there is vari@n of the peak height
of the pinch force. The simple registration of the curves is jushifting the peak
of each pinch force to the same location. If these two variatisn horizontal shift of
the peak and the vertical change of the peak, are not corretat with each other,
then the size of the shifting for each curve is of no real interegt the pinch force
context, since it merely measures the gap between the initiaéition of recording and
the beginning of a squeeze and it has nothing to do with the squeeeitself. Therefore,
such a registration of the curves will not a ect the process at &l On the other hand,
if these two variations are correlated with each other, wheneavshift the peak of the
force to the same location, we might need to consider making sor@ustment with

the peak height based on the relationship of these two variatisn Further analysis of

these curves may be found in (Ramsay, Wang, and Flanagan 1995).

Let us look at the analysis of this data set by ISOMAP. Figure 2.3 siws the
estimated dimensionality by ISOMAP. Here we consider 11 valuestbe neighborhood
size for the ISOMAP algorithm. They change from 2 to 22 in increemts of 2 each
time. No matter which neighborhood size is used, the estimatedndénsionality by

ISOMAP is visually at least 3.
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Figure 2.3: The estimated dimensionality for the pinch forceata by ISOMAP for

the neighborhood size valuek = 2(2)22. Estimated dimensionality is at least 3.

The analysis of the pinch force data, using our procedure, is stnoin Figure 2.4.
In our procedure, T¢(s) are the test statistics which are used to nd the e ective
dimension of data at di erent scales. For example, T,(s), for approximately 1-d
data, is close to 1. For approximately 2-d or higher dimensiohaata, T,(s) is at
least 2. T,(s), for approximately 1-d or 2-d data, is less than 3. For appramately
3-d or higher dimensional data,T,(s) is at least 3. In plot (a) of Figure 2.4, the
blue \-*" line is Ty(s) of the pinch force data, which is not signi cantly less than
the typical Ty(s) of 2-d data for several small scale values sf suggesting at least
2-d at small scales. The plot (b) compare$,(s) of the pinch force data with T,(s)
of data from a typical 3-d space, which shows that,(s) of the pinch force data is
signi cantly less than the typical values of 3-d data across akicales. In plot (a) of

Figure 2.4, the green dash-dotted curve is the mean ©f(s) of 1000 replications from

11
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Figure 2.4: Plot (a) showsT,(s) of the pinch force data and the comparison with
T1(s) of the typical 2-d data. Plot (b) showsT,(s) of the pinch force data and the
comparison with T,(s) of the typical 3-d data. SinceT,(s) is signi cantly less than

T,(s) of the typical 3-d data, it suggests that the pinch force datai¢ on a 2-d manifold.

the 2-d standard normal distribution, and the 2 magenta dash-dted curves beside
it are the 2.5% and the 97.5% quantiles based on 1000 replicais. They represent
the \typical range" of T(s) if the data, with sample size equal to 2000, follow the
2-d standard normal distribution. In other words, they represeinT,(s) of a data set
from a typical 2-d linear space with the same sample size as the iegt data set.
In plot (b), the green line and two magenta lines stand for datdrom a typical 3-d
linear space with the same sample size of the testing data set. In haoplots, the
X-axis represents the scale parametst whose values are from 0 to 1. We start with
the minimum pairwise distance ofn data points, increase by every 5% quantile of

the pairwise distance, and end with the maximum pairwise distaec Then we divide

In other words, although the pinch force data lie in a 2000-d spe, they are close to

12



lying on a 2-d manifold.

Such a 2-d manifold represents two types of variation of the peh force curves,
the horizontal shift of the peak force and the vertical changeof the peak of the
each force curve. The claim is con rmed by the simulations reks in (Wang 2004).
When the simulated data are from a structure with a linear relabnship between
the horizontal shift of peak and the vertical shift, our methodshows a 1-d manifold
underlying structure. When the underlying structure is detemined by the two factors

independently, the data are agged as 2-d.

3 The Scale Parameter s

The notion of scale has been deeply studied in the eld of compart vision. For
an introduction and detailed discussion, see Lindeberg (1993)cater Haar Romeny
(2002). The problem of scale must be faced in any imaging situati. An inherent
property of objects in the world and details in images is thathey only exist as
meaningful entities over certain ranges of scale. We view thgoblem of nding
meaningful low dimensional structure in high dimensional datas analogue to nding
meaningful image properties. When data have noise, the existenof underlying
structure depends on the noise level. Dierent scales help to ®@et the true low-
dimensional structure from the high-dimensional noise. In thisection, we introduce
notion of scale parameter. To fully understand the underlyingtructure of the data,

it is quite important to study useful statistics across all scales.

13



3.1 Scale and Noise

In computer vision, multi-scale representations of images afendamental. For com-
puter image analysis, many useful operations on image data ararged out over a
moving window, whose size can range from a single point to the whomage. The
type of information people can get from such an operation isrigely determined by
the relation between structures in the image and the size of th@indow. Hence,
without prior knowledge, there is no reason to favor any partular scale. Indeed, it
is more reasonable to consider them all and operate at all windcsizes. Scale-space
theory was rst rigorously put forward in computer vision. In 1983, Witin proposed
that scale could be considered as a continuous parameter. Inigtscale-space, the

scale dimension is viewed as being as important as the others.

There is an analogue in reducing the dimensionality of high mliensional data.
Data without noise are like digital pictures with in nitely c lear resolution. Data with
noise are pictures with limited resolution. The di erent resaltion levels play the
role of dierent levels of noise in data. Without noise, for exanple, the data are
randomly sampled from a line segment, which have an underlyirggructure of 1-d.
They show the 1-d structure even at the nest scales. Figure 3.1 shewhree toy data
sets which are uniformly generated on a line segment (with letlgequal to 1) plus
vertical Gaussian noise realizations with di erent standard déations. But the data
with noise, as shown in Figure 3.1, show di erent high dimensiohatructures at the

small scale with respect to the di erent noise level. The claritpf the low dimensional

14
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Figure 3.1: Three panels show toy data sets with each sample sizgi& to 100 gen-
erated uniformly on a line segment with length equal to 1 plusi@rent independent
vertical noise realizations. The left panel, the rst toy data &ample, has vertical
noise generated as N(;00:001Y); the middle panel, the second toy example, has
vertical noise generated as N(;0(0:03)?); and the right panel, the third toy example,
has vertical noise generated as N{@0:3)?). The two di erent circles are two di er-
ent window sizes. These three toy examples show that the underlgi 1-d structure

depends on the noise level and the window size.

underlying structure is a ected by the noise at the di erent scdes. We will introduce

a new parameter, scales. Through it, we can detect the e ective dimension of the

data even in the presence of noise.

3.2 Our Notion of Scale

In Figure 3.1, there are clear di erences among these threeses. The left panel shows
data that are very close to lying on a line, a 1-d submanifold.é. lower dimensional

structure). The right panel shows data which are not close to a d-manifold and
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they are much more \2 dimensional”. The middle panel is betwee

In the presence of noise, none of these toy data sets lie exactlyafi-d manifold.
However, it is clear that some are much closer than others to hgron a 1-d manifold.
To measure this closeness, we use the scale space idea. Two candisiedes are
illustrated by the big and small circles in Figure 3.1. Assume theiewer is standing
at the center of the circles. The big circle corresponds to a bwindow size, and the
small one corresponds to a small window size. Standing at the cenbf the circles,
viewing the data points through the big window, the data set irthe left panel is close
to lying on a line, and the one in the middle panel is close to Iyg on a thick line.
Viewing the data points through the small window, we may still @im that the data
set in the left panel nearly lies on a line, but the one in the mitle panel is more \2
dimensional”. For both such window sizes, the data set in the righganel is more like
lying on the plane instead of a line. From this example, noticthat for a given data
set with noise, whether it is close to a low dimensional submanifbbr not depends

on the viewer's position and window size.

The set of viewer's positions considered here are the data pantTo deal with
di erent window sizes, our solution is to introduce a new scale pameter, s, which
is the radius of the circle for the toy examples in Figure 3.1If the data are from
d-space, the scale parametexis de ned as the radius of thed-dimensional ball. Scale
parameter s measures the window size. Since the underlying structure of tieisy
data changes as the window size changes, any information usedde&tect the low

dimensional structure will be a function ofs for 0<s < 1 . The lesson we learned

16



from the examples in Figure 3.1 is:

data exhibit a high dimensional structure when the scalgis less than the noise

level,

when the scales is greater than the noise level, it is possible to nd meaningful

low dimensional structure.

However, a key issue is that the noise level is in general unknowsithout any prior
information about the data, useful insights can be obtained &m considering a range
of scales. Therefore, we recommend studying the data at all scate get the whole

picture.

In general, the scale parameter is a measure of window size thgbwhich the data
are studied. In this paper, we choose windows asdimensional balls with di erent
radius. The natural choice for measuring these windows' size isetlradius of these
d-dimensional balls. We study the underlying geometric structar at varying window
size instead of focusing on one underlying geometric structuri di erent eld, scale
parameter could be de ned completely di erently. However, he same idea always
carries on. For example, in image analysis where the notion etale space was rst
put forward, the scale parameter is de ned as the variance ohé Gaussian kernel,
see Lindeberg (1996). In kernel smoothing, the scale parameisrde ned as the

bandwidth, see Chaudhuri and Marron (1999).
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3.3 Dimension test statistic

How can we characterize a data set that lies on a 1-d manifold? rFexample, let us
assume the data seK = f x1;:::;X, g from ad-dimensional spac& , whered 1, is
sampled from a straight line, which is the simplest case of a 1-d suamfold. For any
three points on the straight line,x;; xj and x, where 1 i;j; k nandi 6 j 6 Kk,
the angle between the vectox; x; and the vectorx, X; is either 0 or . This
is in general not true when the 1-d submanifold is curved. Howew if we consider
the two points which are near tox; for data lying on a curved 1-d submanifold, the

corresponding angle should also be close to either 0 ar

Figure 3.2: Toy data set illustrating i, x¢;,(Xi), X{,)(Xi), and how the angle L(s) is

formed with data points in 2-d space.

For each pointx; from X, and a xed value of scales with 0 <s< 1, rstde ne

X{)(Xi) as the point which is thej th point closest to the sphere of thed-dimensional

18
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Figure 3.3: The two cases of the de nition of the anglel(s) betweenx?l)(xi) Xi

and X¢,y(Xi)  Xi, always taken to be between 0 ang.

ball with center at x; and radius equal tos, i.e.

s ji xgy() X s Ji x§0a) il S Ji X p0) X
(3.1)
In Figure 3.2, the two points X¢;,(Xi) and X, (Xi), i.e. the nearest point and the
second nearest point to the sphere, are highlighted with diamds. Let p!(s) be the
line which passes through the two points; and x¢,, (i), shown as the horizontal line

in Figure 3.2,i.e.
pi(s)= y2X:y xi=tiXqy(x) x);8t12R ;

Let 1(s) be the angle between the vectorfz) (xj) x; and its orthogonal projection on
pi(s). Figure 3.2 shows how(s) is formed in the 2-d case. There are two important
cases in the de nition of !(s), see Figure 3.3. For de ning e ective dimensionality,

these cases should be treated symmetrically. Hence we de i¢s) to only take values

between 0 andi.
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Based on the collection of}(s); i = 1; :::; n over the whole data set, the following
heuristic is useful for any 1-d manifold embedded iX. Since a 1-d manifold is a
topological space which is locally Euclidean, then'(s) should be close to 0 for small
values ofs if the data lie on a 1-d manifold. When the data have noise, theegree
of tolerance of the noise for all window sizes depends on the @ient noise levels.

Table 3.1 shows for the three toy examples in Figure 3.1 the amge of (s), i.e.

(s);

i=1

for two di erent window sizes (shown as circles): small and big s. For the rst toy
example with small noise, both scales are big enough to percetie 1-d structure
since the averages ofl(s) at the two scales are both close to 0. For the second toy
example, the value of 1(s) is much larger at the small scale, re ecting the virtually
apparent 2-d structure, and 1(s) is smaller for largers, re ecting the less 2-d nature
showing in Figure 3.1. 1(s) of the second toy example indicates more noise than for
the rst one. For the third toy example, both scales suggest 2-d nméfold structure

because their averages are far from 0.

1(s) | First toy example | Second toy example Third toy example

small s 0.013 0.599 0.724

big s 0.004 0.112 0.738

Table 3.1: The averages of!(s) for the small and big scales (shown as circles), for

the three toy data sets, in Figure 3.1

20



Theoretically, we could have !(s) for any scales. Notice that for a given data
set, I(s) fori =1;:::;n are the same whers s, ands s,,. Indeed, when
S S.. is considered, for each data point;, (s) will not be changed since only the
2 nearest points are taken into account. Similarly, whes s, (s) will not be
changed because every time the 2 furthest points are taken ind@count. Therefore,
for a given data set, we only need to concentrate on the scakdetweens,, and
Sma -

We would like to explore the \tendency of a data set to lie on orearly to lie on a
1-d submanifold" by analyzing the set of angles,!(s). However, these quantities are
not very interpretable. A sensible summary of }(s) is the average of 1(s). A more

interpretable statistic T;(s) can be de ned as a re-scaling of!(s),

Tis) =1+ 1 1(s) (3.2)
a

wherea; = ;. Such ana; value is chosen to matchTy(s) as the dimension of the

data. Details are explained later in this section.

Some important properties of the }(s) are derived in the following theorem.

function is absolutely continuous with respect to Lebesgmeasure over an appropriate

manifold. Then the following are true.
if Y is from a 1-d manifold, R (s,,)=0)! lasn!l |,

if Y is from a 2-d manifold, 1(s..) 1t (the uniform(0; ) distribution) as
n!l . Further E( {{(sm))! zasn!1l

21



if Y is from ak(k > 2)-d manifold, limn; E( 1(s..)) increases ak increases,

with limit equal to 5 ask!1

The details of the proof can be found in Chapter 5 of (Wang 204

For any data lying on a straight line, 1(s) 0 for any scales. Therefore (s) 0.
SoTi(s) 1. Any 1-d manifold is a topological space which is locally 1-duglidean.
For any data lying on a 1-d manifold, !(s) will be close to 0 for small scales.
Therefore@ 0 for small scales. SoT,(s) 1. For large scale values, T4(S)
will be determined by the underlying nonlinear structure. Howver, for any data set
from a 2-d manifold, T,(s) will be close to 2 for small scales. For any data set from
a k(k > 2)-d manifold, T(s) will be bigger than 2 for small scales. Therefore, T,(S)
can be used to distinguish a data set from a manifold with dimensiality less than

2 or at least 2.

This idea can be generalized to distinguish a data set with dimsionality less
than k+1 or at least k + 1, where k > 1. The idea of angles can be extended to this
case by consideringl( + 2)-tuples. For each point x; and a xed value of the scale

s, consider thek + 1 points which are closest to the sphere of thd-dimensional ball

be the hyperplane determined by the points;; xfl)(xi); il xfk)(xi), ie.

PrE=fy2X 1y x=txfx) x)+ () x)+ o F (X)) xi);

Then the angle ¥(s) is formed by the vector x¢., y(Xi)  xi and its orthogonal

22



projection on p¥(s). Therefore, for a data set withn points, from a d-dimensional

space, we can consider e ective dimensioks= 1; :::; m based on the sets of angles:
1 — 1 T — e .
(s) = f #(sp;i=1;::5;ng; (3.3)
2 — 2 P — e .
(s) = f f(sp;i=1;::5;ng; (3.4)
M) = f M(s);i=1;:::5ng (3.5)

Again all of these angles are de ned to be between 0 and

Each set X(s) will help to determine whether the data are close to a manifdl
with dimensionality < k +1 or  k + 1. Correspondingly, we can de ne the more

interpretable statistics Ty(s) as follows
Tk(s) = k+ ax X(s); (3.6)

where for a xed i, a is the mean of the limit distribution of X(s,,)asn!1 for
the data from the (k +1)-d linear space. Denote y be the random variable with such
a limit distribution, therefore

a = E k . (37)

For example,a; = 3. The limit distribution of all K(s., ) are given in Chapter 5 of

(Wang 2004). In such a re-scaling, for small values sf
if the data are from d*d manifold with d® k, Te(s) k 1;
if the data are from d%d manifold with d°= k +1, T, (s) Kk;
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if the data are from d%d manifold with d°>k + 1, T, (s) k+1.

Therefore, Ty (s) will be used to extract the e ective dimensionality of the daa. The
maximum dimensional submanifold which a given data set fromt-dimensional space
can lie onisd 1, ifn d. Whend > n, there arem = n 2 sets at most.

Therefore, min{d 1; n 2)is the largestm that may be considered. The set (s) =

m groups of re-scalings of them, which are denoted @gs) = fTi(S); :::; Tm(S)0.

4 E ective Dimensionality

In the previous section, we focused on data and studied the staitt (s) and
T (s) which are both based on the data. In this section, we are going tde ne
the distribution based analogue ofT (s), denoted asD (s) for a population X. We
call this D(s) the Vector Dimensionality  of the population. Under some general
conditions, we will show the consistency of the statistid (s) for D(s). Finally, we
will set up hypothesis tests to extract the e ective dimensiondtly of data based on

T (9).

4.1 De nition of Vector Dimensionality

Assume that a population,X , is from ad-dimensional spaceR ¢, and has a probability
distribution P(x). For a random point x 2 X, if we use polar coordinates and set

the origin of the coordinate system atx, then for everyy 2 X, we will have polar
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coordinates (; 1;:::; ¢ 1), Simply denoted as (; ) where =( 4;:::; 4 1). For
any scales 2 (0; 1 ), let Yj.s) be the conditional population of pointsy on the

surface of the ballS, s, i.e. y 2 Yj . satises
Iy Xxjji=s:

For everyy 2 Yj:s), Y Will have polar coordinates §; ). And the distribution of
points in the population Yj.s) will be a conditional probability measure of given

= s and the point x, denoted asP,(j = s).

For any two random pointsy1;y2 2 Yjx:s), let L} be the line determined byx and
y1, then 1(s) will be the angle between the vectoy, x and its projection onL:}.
In fact, I(s) is a function only of ; and ,, denoted ashy, i.e. 1(s)= hy( 1; 2).

De ne the moments:

Z
()= hi( 15 2) dPx( 4 = S)dP,( o = )
For any three random pointsy1;y2; Y3 2 Yjx:s), let L2 be the hyperplane determined
by x, y1, and y,, then 2(s) will be the angle between the vectoly; x and its
projection onL2. So fx;s)(yl;yz;yg) is a function only of 1, ,, and 3, denoted

ash,, i.e. 2(s)= hy( 1; 2; 3). De ne the moments:

z
1= ha( 1 2 3) dPx( 1j = 9)dPx( 2 =)dPx( 3f = 9):

Further more, in general we can de ne the moments:
Z

Kis)= hea( i W)dPy( 1 =) dPy( «j =59); fork o
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Notice that all these angles, }(s), 2(s), ::: ¢ !(s) are between 0 and;. There-
fore, 1(s); 2(s);:::; ¢ (s) are also between O and;. In order to get prop-
erties of the whole population, we need to consider every pgin.e. we need to
considerR L(s)dP(x), :::, R 4 1(s)dP(x). Because 1I(s); 2(s);:::; ¢ Y(s) are
also between 0 and, it follows that R Y(s)dP(x) ,:::, R 4 1(s)dP(x) are be-
tween 0 and. To make them more interpretable, we will re-scakl; L(s)dP(x),
ol R 4 1(s)dP(x) to a seriesDy(s); :::; Dqg 1(S) so that: when the population is

contained in add linear space:

d® | Di(s) Das) D«(s) Da 2(s) Da 1(9)
1 1 2 k d 2 d 1
2 1 2 Kk d 2 d 1
k 1 2 k d 2 d 1
d 1 1 2 k d 2 d 1
d 1 2 k d 2 d 1

Table 4.1: Values ofD(s) for linear spaces

Now we have the following de nition of the population version bthe sample

statistic T (s).

De nition 4.1.  Vector Dimensionality D (s) for s 2 (0;1 ) of a population X in R¢
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with a probability P is de ned as follows

D(s)= f Dy(s); Da(s); :::; Dg 1(8) G

where for any xed values 2 (0;1 )

Z

Di(s) = 1+ ai £(s)dP (x); (4.1)

1

Z
— 1 d 1 .
Dg 1(s) = d 1+ — v (s)dP(x): (4.2)
g 1
whereay, :::, a4 1 are de ned at (3.7).

If the population X is contained in a 1-d manifold, denoted as * R ¢ with
d > 1, then for generals > 0, D,(s) > 1. Because of the topological properties of
a 1-d manifold, whens ! 0, x, y1, and y, are closer to a straight line, therefore,

Di(s)! 1ass! O.

Suppose that the populationX is contained in a 2-d linear space and the proba-
bility distribution has a continuous density. Because of the atinuity of the density
function f at the point x, the distribution of the two points y1;y» 2 Yj . is closer to
a uniform distribution on the circleky xk = s for smaller values ofs. By the inde-
pendence of/, andy,, the distribution of the angle }(s) is close to the uniform(Q 5)
distribution. So the expected value of }(s) is close to,. Therefore, whens! O,
Di(s) ! 2, for the population X contained in a 2-d linear space. If the population
X is contained in a 2-d manifoldM 2, Dy(s) ! 2 ass! 0 because of the topological

properties of the 2-d manifold.
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Generally, by a similar argument, if the populationX is contained in ak-dimensional

manifold, M ¥ R 9 with d >k, thenDy 4(s)! kass! O.

4.2 Consistency of the statistic T  (S)

The natural statistic for D(s) is B = T(s) = fTus); T2(S); :::; Tm(S) g, where
m =min(d 1;n 2). Inthis section, we are going to prove that forank = 1; ::: m,
Tk(s) is a consistent estimate foD(s) for any xed value of s.

The following lemma is useful in proving the consistency df (s). The idea of
the proof is similar to the proof of Lemma 5.1 in Section 5.2 in &roye, Gyer , and
Lugosi (1996).

AssumeX1; X, ::: is a random sequence from a populatiod with a probability
measureP on it. Let S;..s be thesetfy 2 S, :'s ky xk s+ g, for
any <s. Because the probability measure P has a continuous density fttion f , it
follows that P (Sy..s) > O foranyx 2 X, > 0,ands > 0. For Xq; Xy;:::; X;, order

jkXi xk sj and de ne analogues of order statisticX ,(x) such that
kKX@(X) xk s kX% (X) xk s KX(y(X) xk s

SoX i, (x) is the point amongX; X, :::; Xy, which is thek-th closest to the surface

of the closed ball centered ak of radiuss > 0. Then we have the following lemma.

Lemma 4.1. For any x 2 X and any xed value ofk, kX (Sk)(x) xk s ! 0with
probability 1asn!1 . If X is independent of the data, therkX (Sk)(X) Xk s'!

0 with probability 1 wheneven ! 1
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Before we prove the consistency di(s), rst we need the following theorem and

corollary.

X R 9 and ¥(s) as de ned above, then EX (s) converges to & (s) asn!1

Corollary 4.3. With the same condition as in Theorem 4.2, for any xed valus

and any xed integerk, lim,; ETk(S) = Dk(S).

cally distributed in d-dimensional space with a twice continuously di erentiabldensity
f. De ne Tk(s) as (3.6), then for any xed value of scales and any xed integerk,

wherel k m, Var(Tg(s))! Oasn!l

The proof of the lemmas and theorems in this section are givem {Wang 2004).
With the above lemmas and theorems, we can prove the consisterayT (s) in the

following theorem.

Theorem 4.5. For any xed value of scales and xed integerk, wherel Kk m,
P :
Tk(s)!" Dg(s); asn!l

Proof. By the Chebyshev inequality, for any > 0, we have

E[T«(s) D(s))’
2

E[Tk(s) ETk(S)+ETc(s) Dk(9)
2

Var [Te(s)] + [ETe(s)  Di(S)]?
L :

P(kTk(s) Dk(s)k> )

N

29



By Lemma 4.4, Vaily(s) ! Oasn!1 . By Corollary 4.3, ET(s) ! Dg(s) as
n'!1l . So [E(Tk(s)) Dk(s)]2 I 0Oasn!1 . Therefore, T¢(s) !P Dk(s) as

n'l [l

4.3 Hypothesis test

D (s) is a theoretical construction that allows understanding of ur approach to esti-
mating e ective dimensionality. In this section, the overallapproach is rst reviewed
in the context of D (s), and then this is related to the corresponding sample statistic
T(9).

Our approach starts by investigating whether, at any scale, thpopulation is close
to a 1-d underlying structure. Let us denoteD,(s) of the true underlying population
asD] (s), denoteD4(s) 1 by Di(s), and denoteD;(s) of the 2-d standard normal
distribution by D?(s). We compare theD/(s) of the population, with D}(s) and
D2(s). For those scale values with Di(s) DI (s) <D 2(s), D{(s) is the e ective
dimension at those scales. D] (s) < D 2(s) but not equal to 1 at some values 0,
we not only nd that the true population is close to a 1-d underying structure at
these scales, but also nd the degree of closeness to the 1-d struetlny comparing

how far the value ofD /] (s) is from 1.

If DI(s) DJ(s) < D ?(s) at all scale values ofs, then D] (s) is the e ective
dimension for all scales. For those scale valug3{ (s) D?2(s), D](s), based on the

true population, is useful to nd whether at any scale the true ppulation is close to
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a 2-d underlying structure. In order to do that, we compareD] (s) with D2(s) and
D3(s), whereD3(s) 2 for any population contained in a 2-d Euclidean spac®3(s)
is calculated based on the 3-d standard normal distribution. ID3(s) DJ(s) <
D3(s) at any scale values, we recordDJ(s) as the e ective dimensions at those
scales. Similarly, based ob| (s) with k > 2, the e ective dimension can be found at

all scales for the true population.

However, we generally do not know the distribution of the true ppulation. In-
stead, we use the sample statisti@ (s). A set of hypothesis tests is used, each one
based on one element dF (s). Each test is performed separately. Here, the hypothe-
sis test is a mechanism to extract the e ective dimensionality ahe data. A simple
approach to the multiple comparison issue would be a Bonferromethod. More so-
phisticated multiple comparison tests for e ective dimensiorigy are an interesting

topic for future work.

TP (s) to replaceD ' (s) in the procedure described above. Since analytical calctitan

of Dy (s) of the (k+1)-d standard normal distribution seems to be intractable, weise a
simulation approach. For example, foD(s) of the 2-d standard normal distribution,
we generated 1000 random samples with each sample of size equahé sample size
of the testing data, n, and calculatedT,(s) for these 1000 random samples. We use
the average of these 1000,(s) as an estimate ofD?(s), denoted asbf(s), and use
the 5% percentile of these 1000,(s), denoted asD, 4(s), as the critical value for

the 5% signi cance level. By comparing P (s) with D 4(s), we will conclude for the
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xed scale values, whether the e ective dimension of the data is less than 2-d orat
at the 95% signi cant level. The steps, to investigate the e ectie dimensionality of

data at all scales, follow. For eacls 2 S, or in particular a discrete subset ofS,

1. Fork=1;2;:::, test
Ho T2 (s) is signi cantly equal or bigger than D\l'fl (s)fors2 S
vs. H; otherwise
2. stop when H is rejected for this scales, and record the corresponding 2 (s)

as the e ective dimension of the testing data set at this scale2 S,

2.2+ —

Effective Dimension

Figure 4.1: The e ective dimension for the simulated noisy lineegment data set in
plot (b) of Figure 3.1 from Section 3.1. For small scales, the datare closer to 2-d.

When the scale increases, the data are closer to 1-d.

Figure 4.1 gives a simple display of the e ective dimensions di¢ simulated data
set with 100 data points randomly generated from a line segmepitus moderate noise,
as shown in plot (b) of Figure 3.1 in Section 3.1. Note that, whes = 0:0001 =Sy ,

the data are showing close to a 2-d structure, but still signi carny less than 2-d.
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However, whenrs increases, the underlying structure becomes much less than 29the
bigger the scales, the closer the data are to 1-d, since the 1-d underlying structe is
more clear from the bigger windowj.e. the noise level for this data set is relatively

smaller compared with the relatively bigger scals.

When data lie exactly on a manifold, looking at small scales hgd us nd the
lowest local linear structure of the data, because ary-d manifold is a topological
space which is locally Euclidean. Looking at big scales, the slespofT,(s) is driven

by the geometric structure of the manifolds.

For noiseless data, the dimension test statistick(s) are completely driven by the

geometry of the data.

If the underlying structure of the data is ad-dimensional linear submanifold,
Tk(s) = kfork d; for k = d, T(s) will be similar to the Ti(s) of the typical d-
dimensional data (which have thed-dimensional standard normal distribution);

for k <d, T(s) will have a monotone decreasing trend.

If the underlying structure of the data is ad-dimensional nonlinear submanifold,
Tq(s) d for small scale values o§ and generally itsT(s) for k = 1;:::;m
will have a non monotone shape, which are driven by the nonliaestructure of

the manifold.

For data with noise, the curves ofTy(s) will be driven by the geometry of the
underlying structure and the noise level. Generallyi(s) will show higher dimensional

structure at every scalej.e. the curves ofTi(s) for the data with noise will be above
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the curves of T (s) for the data without noise, if their underlying structures ae the

same.

5 More Examples

In [25], extensive simulations were run especially studying dawith di erent levels

of noise. For data in a linear space (with or without noise), our ethod gave results
consistent with PCA. For data (no-noise or relatively small noiselying in a nonlinear
space, our method gave similar results to ISOMAP. If the data hawelatively large

noise, our method was more robust than ISOMAP.

To illustrate how the e ective dimensionality could be change by the di erent
noise level, we go back to the toy examples in Figure 3.1, whibhve a common linear

1-d underlying structure but with di erent noise level.

Figure 5.1 shows the analysis result by our methods. When the noisel in-
creases, the value of{(S) increases at each xed scals across three plots. For the
rst toy example, the data are close to 1-d at all scales, althougthey are about
1.5 at nest scale. However, it is still signi cantly less than 2-d. For the third toy
example, the data are not signi cantly di erent from 2-d. The second example shows
higher dimension than the rst one, but not as high as the third oe. The bigger the
noise level, the higher the dimension appears. The percentagdgshe total variation
on the second principal component direction are:@0%, 044%, and 48% separately

for these three toy data sets. The analysis results by our proceduare consistent

34



@ (b) ©

1 a1 - 1

0.5 1 0.5 1 0.5 1
standardized scale s standardized scale s standardized scale s

Figure 5.1: (a): The estimated dimension by our method for therst toy data set in
Figure 3.1. (b): The estimated dimension by our method for the send toy data set
in Figure 3.1. (c): The estimated dimension by our method for t third toy data set

in Figure 3.1.

with the analysis results by PCA.

A spiral is a 1-d nonlinear submanifold embedded in a 3-d spacé.altoy data set
is randomly sampled from part of the a spiral, it is not surprise t®ee that there are
quite amount of variation on all three directions by using PCAOur procedure shows
that the data indicates 1-d underlying structure when the scal is relatively small.
As the scale increases, the dimension increases to 2-d, even to 3Fde dimension
changes continuously as the scale increases from small to lar§ach a non monotone
change corresponds to a nonlinear underlying structure. Foethils see Section 3.4.2

in (Wang 2004).
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5.1 The Swiss roll example

In this section, we will compare our method with ISOMAP throughtwo toy data sets,
the no noise Swiss roll data in plot (a) of Figure 1.1 and the nois$wiss roll data in

plot (b) of Figure 1.1.

For the noiseless Swiss roll data shown in plot (a) of Figure 1.1he result analyzed
by the ISOMAP algorithm is shown in plot (a) of Figure 5.2. As withPCA, the true
dimensionality of the data can be estimated from the decreasefiesidual variance as
the dimensionality of the low dimensional representation is areased. The residual

variance of ISOMAP correctly bottoms out at dimensionality eqal to 2.

Since the data lie exactly on the surface of the Swiss roll, theagbes ofT,(s) and
T,(s) are driven completely by the curvature of the surface of thevdss roll. Plot (b)
in Figure 5.2 showsT;(s) which compares with the typicalT,(s) of 2-d data. Ty(S) is
not signi cantly less than the typical Ty(s) of 2-d data froms,,, t0 S, . It suggests
that the data are close to a manifold with dimensionality at leat 2. From T,(s) in plot
(), at s, , Ssv, and sy, , the corresponding values of,(s) are signi cantly less than
the typical T,(s) of 3-d data, especiallyT,(S,;,) is about 2.2 andT2(Syin ) < T 2(Ssw)-
T,(s) of this simulated data set starts signi cantly less than the typcal T»(s) of 3-d
data at s,, S < S, iNCreases to values bigger than the typical,(s) of 3-d data
at the medium scales, then decreases to the values less than thgidgl T,(s) of 3-d
data again at large scales. The non-monotone shape suggests that tlata lie on a

curved 2-d manifold.
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Figure 5.2: (a): The estimated dimension by ISOMAP for the no nee Swiss roll data
in Figure 1.1. (b): For the no noise Swiss roll data: comparingheir T,(s) with the
typical T,(s) of 2-d data. (c): For the no noise Swiss roll data: comparing #ir T,(S)
with the typical T,(s) of 3-d data. (d): The estimated dimension by ISOMAP for the
noise Swiss roll data in Figure 1.1. (e): For the noisy Swiss rolath: comparing their

T1(s) with the typical Ty(s) of 2-d data. (f): For the noisy Swiss roll data, comparing
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their T,(s) with the typical T,(s) of 3-d data.

For the noisy Swiss roll data in plot (b) of Figure 1.1, plot (d) ¢ Figure 5.2 shows
the estimated dimensionality by ISOMAP. We tried the values of aighborhood size

from 2 to 22 by every increment of 2. The result shown in plot (d)sithe best among
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them. Plots (e) and (f) show our test statisticsT,(s) and T,(s) of the noisy Swiss roll
data comparing to the typical 2-d and 3-d data. Our method suggsts that this noisy
Swiss roll data are still close to a 2-d manifold but with relatiely large noise, since
T2(swn ) @and To(Ss,) are signi cantly less than the corresponding typicall,(s) of 3-d
data. However, comparing to the result of noiseless Swiss roll dafl»(s,,) 2:85

much bigger than the previous oneT,(S...) 2:2.
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